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A b s t r a c t

The article presents an analysis of the influence of geometric parameters of a porous medium 
represented in a binary form – grid size, obstacle width, and porosity – on the tortuosity of transport 
paths and the efficiency of pathfinding algorithms. Numerical simulations were carried out for 
grids of 100–200 nodes, obstacle widths of 1–13 nodes, and porosity values ranging from 0.9 to 0.5, 
using the Dijkstra, A*, BFS, and Greedy BFS algorithms. The results confirmed the existence 
of a percolation threshold at ϕ ≈ 0.6 and showed that decreasing porosity increases path tortuosity. 
For high porosity (ϕ = 0.9), paths were nearly straight (τ ≈ 1.03), while for low porosity (ϕ = 0.5–0.6) 
they became highly tortuous (τ > 1.3). Among the tested methods, the A* and Greedy BFS algorithms 
proved to be the most computationally efficient, confirming the effectiveness of heuristic approaches 
in modeling transport phenomena in porous structures.

Introduction

The concept of tortuosity was introduced by Kozeny (1927), who observed 
that when calculating pressure drops associated with fluid flow through porous 
media, it is necessary to consider not the layer thickness L0, but the actual path 
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length traveled by the fluid L𝑝. The degree of curvature of this path relative to 
the measurement section was defined as tortuosity:

	 𝜏𝜏 =
𝐿𝐿𝑝𝑝
𝐿𝐿0

 	 (1)

where τ is a dimensionless quantity, whose value is always greater than or equal 
to 1.

A few years later, Carman (1937) pointed out that a similar correction is 
also required for flow velocity, since in tortuous channels the fluid moves faster 
than it would along a straight path. Both concepts led to the formulation of the 
equation now known as the Kozeny-Carman equation:

	
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐶𝐶𝐾𝐾𝐾𝐾 ∙ 𝜏𝜏2 ∙ 𝑆𝑆0,𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶

2 ∙ (1 − 𝜙𝜙)2
𝜙𝜙3 ∙ (𝜇𝜇 ∙ 𝑣𝑣𝑓𝑓) 	 (2)

where: 𝑝 – pressure [Pa], x – a coordinate along which the pressure drop occurs 
[m], τ – tortuosity [–], CKC – a model constant, usually equal to 5.0 (Carman 1937), 
S2

0,Carman – specific surface of the porous body in Carman meaning [1/m] (it is 
the inner surface of the solid body divided by the total volume of the solid part),  
ϕ porosity [–], µ – fluid viscosity [Pa·s], 𝑣𝑓 – filtration velocity [m/s].

In the literature, one can also encounter the concept of the tortuosity 
factor (τ𝑓 = τ2), which is sometimes used interchangeably with the square 
of tortuosity. However, these quantities should be clearly distinguished to avoid 
misunderstandings and computational errors.

A key challenge in determining tortuosity is the evaluation of L𝑝. This task 
is non-trivial, and numerous approaches have been proposed in the literature. 
The complexity of the problem is illustrated in the study by Fu et al. (2021), 
in which the authors reviewed and summarized 203 publications devoted 
to methods of determining tortuosity in porous media. Tortuosity determined 
directly from the shape of pore channels is referred to as geometric tortuosity. 
There are also other methods based on the analysis of transport, diffusion, 
electrical, or acoustic properties, but these approaches are not considered in the 
present work.

The studies presented in this work focus on methods for calculating geometric 
tortuosity in two-dimensional geometries represented in a binary form. This 
representation involves creating a regular grid of nodes (a matrix of size L × L), 
each assigned a value of 0 or 1. A value of 0 indicates that the node belongs to the 
pore space, while 1 represents a part of the solid skeleton. Skeleton elements can 
have a size of w × w, where w denotes the number of nodes forming a single obstacle 
in a given direction. The analyses were conducted using 125 combinations of the 
parameters L, ϕ and w, with each configuration repeated 50 times. The primary 
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objective of the study was to analyze the influence of these parameters on path 
tortuosity. The presented results extend and continue previous research (Sobieski 
2019, 2020).

The concept of applying pathfinding algorithms to binary representations 
of porous media is not new (Koponen et al. 1996, 1997, Matyka et al. 2008). 
However, the novelty of this work lies in the selection of algorithms, their original 
implementation, and the development of an approach enabling large-scale data 
analysis and processing. Additionally, a rarely considered factor in the literature – 
the size of the elementary skeleton element – was incorporated, allowing for 
a more faithful representation of real porous structures. The approach used not 
only broadens the scope of tortuosity research but also opens new possibilities 
for its practical application, particularly in the context of numerical modeling 
of transport processes in complex porous media.

Materials and methods

Materials

The subject of the study is a set of porous media represented in binary form 
(Fig. 1), generated randomly using proprietary software. It was assumed that 
the computational domain is always square, as is the unit skeleton element. 
Periodic boundary conditions were applied to the porous structures, meaning 
that if a skeleton element is located at the edge of the domain and does not 
fit entirely within it, its continuation is automatically added on the opposite 
side (an example of such a situation is shown in the figure). The significance 
of the parameters L and w was discussed in an earlier section of the work. 

L

1

1

1

1

L

w

w

Fig. 1. Schematic of a porous medium in binary representation
Source: own work.
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In each generated structure, a starting node (marked in red in the figure) 
and an ending node (marked in blue) were defined, between which the path is 
searched. An additional assumption was made that the path cannot cross the 
domain boundary.

A* algorithm

The A* algorithm is a standard method for solving optimal pathfinding 
problems, combining Dijkstra’s approach with a heuristic estimator of the 
distance to the goal, which significantly speeds up the search process. The 
method guarantees finding a solution with minimal cost. Its operation is based 
on evaluating each node using the cost function 𝑓(𝑛) = 𝑔(𝑛) + h(𝑛), where 𝑔(𝑛) 
is the actual cost from the start node, and h(𝑛) is the heuristically estimated 
cost to the goal.

In the implemented version, due to the restriction to orthogonal 
movement only, the Manhattan metric was used for the heuristic estimation:  
h(𝑥, 𝑦) = |𝑥 – 𝑥𝑔𝑜𝑎𝑙| + |𝑦 – 𝑦𝑔𝑜𝑎𝑙|. In each iteration, the node with the smallest 
𝑓(𝑛) is selected from the priority queue (value 58 in Fig. 2). The node’s neighbors 
are then validated, excluding obstacles and violations of boundary constraints. 
If a new path to a neighbor has a lower 𝑔(𝑛) cost, its parameters are updated, 
and the node is added to the queue with the new priority (Fig. 3). The process 
continues until the goal is reached, after which the optimal path is reconstructed 
by tracing backward from the end node to the start node (Fig. 4).

A

64

B

78 58

Fig. 2. Visualization of the A* algorithm in a sample 2D geometry during the first iteration
Source: own work.
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A

64 58

B

78 58 58

Fig. 3. Visualization of the A* algorithm in a sample 2D geometry during the second iteration
Source: own work.

A

64 58 58

78 64 64

58

B

78

78

58 58 58 64 78

64

Fig. 4. Result of the A* algorithm in a sample 2D geometry
Source: own work.

Dijkstra’s algorithm

Dijkstra’s algorithm is one of the most widely used methods for finding 
the shortest paths in a graph, relying solely on the minimization of the actual 
travel cost. Unlike the A* algorithm, Dijkstra’s method does not use a heuristic 
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function. The procedure begins by assigning all nodes, except the start node, 
a cost of infinity. In each iteration, the node with the smallest current cost is 
removed from the priority queue. Its neighbors are then analyzed, and a new 
travel cost is calculated as the sum of the current node’s cost and the transition 
weight (in the adopted grid environment, a constant cost of 1 is assigned for 
cardinal movement). If the new cost is lower than the previously known value, 
it is updated, and the current node is set as the parent.

In the presented implementation, although the algorithm is based on Dijkstra’s 
principles, it intentionally includes modifications that result in suboptimal 
search efficiency, such as omitting the formal structure of the closed node set. 
The primary purpose of this approach was to create a reference algorithm with 
increased computational cost, allowing for a reliable comparison of results with 
those obtained using other properly implemented and optimized search methods.

A B

Fig. 5. Appearance of the BFS graph after the third iteration  
of the algorithm in a 2D obstacle-free space

Source: own work.
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BFS algorithm

The BFS (Breadth-First Search) algorithm is another graph search method, 
which, in the context of pathfinding, can be considered a simplification of Dijkstra’s 
algorithm. It is particularly efficient in environments where all transitions 
between nodes have the same cost (equal to 1). Under this assumption, there is no 
need to use a heuristic, resulting in a uniform wave-like expansion of the search 
in all directions from the start node, exploring the state space layer by layer.

Instead of a priority queue (used in Dijkstra and A*), BFS uses a standard 
FIFO (First In, First Out) queue. In each iteration, a node is dequeued, and its 
immediate neighbors (only in cardinal directions) are analyzed. Nodes that are 
not obstacles and have not yet been visited are immediately added to the queue, 
with the current node set as their parent. Due to the constant transition cost, 
BFS always finds the shortest path in terms of the number of edges (minimum 
number of steps).

The procedure continues until the target node is reached. The optimal path 
is then reconstructed by tracing back the parent-child relationships. This search 
strategy is computationally efficient, although in large, open spaces it may explore 
more nodes than heuristic-based algorithms. For example, in an unbounded 
space, the number of visited nodes after 𝑛 steps grows proportionally to 4𝑛, 
as illustrated in Figure 5.

Greedy BFS algorithm

The Greedy BFS algorithm implements a greedy exploration strategy and 
can be considered a variant of the Breadth-First Search (BFS) algorithm, with 
a greedy approach. Unlike A*, the priority of a node in the queue is determined 
solely by the heuristic function h(𝑛), which estimates the distance from the node 
to the goal. The algorithm deliberately ignores the actual cost 𝑔(𝑛) from the 
start node. This strategy prioritizes speed of finding a path over path length, 
meaning that Greedy BFS does not guarantee an optimal path, but significantly 
reduces computation time.

The procedure begins with the initialization of a priority queue, where 
a node’s priority is determined exclusively by h(𝑛). In the implemented version, 
the Manhattan heuristic was used due to cardinal movement. In each iteration, 
the node with the lowest h(𝑛) value is dequeued, and its neighbors are analyzed. 
Nodes that pass the same validation checks as in the A* algorithm (boundary 
verification and obstacle avoidance) are added to the queue, with their parent 
node recorded, which is essential for later path reconstruction. The process 
continues iteratively until the goal node is reached. The efficiency of this method 
depends directly on the quality of the chosen heuristic.
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Results and discussion

Experimental design

The study adopted the following parameter space: number of grid nodes (L) 
in the X and Y directions: 100, 125, 150, 175, 200; size of the unit skeleton element 
(w): 1, 4, 7, 10, 13; porosity (ϕ): 0.9, 0.8, 0.7, 0.6, 0.5 [–]. For each combination 
of parameters, 50 independent repetitions were performed. A trial limit of 1000 
was imposed to prevent infinite computation time in cases where a continuous 
porous channel between the start and end points could not be generated. 
The results were averaged and stored in a database. In total, 6250 individual 
results were obtained, excluding cases where a given parameter combination 
made it impossible to generate a valid path (e.g., when no connection existed 
between the start and end points).

Results

A summary of the results is presented in Tables 1–5. For all porosity values, 
ϕ ≥ 0.6 the algorithm consistently found valid solutions within the imposed limit 
of 1000 trials per iteration. In all 50 iterations for each parameter configuration, 
a grid satisfying the path existence condition was obtained. For porosity ϕ = 0.5, 
in some cases it was not possible to generate a geometrical structure containing 
a connected pore space enabling path construction between the start and end 
points. The tables include only realizations in which a valid path was successfully 
obtained. This result indicates the presence of a distinct percolation threshold 
between ϕ = 0.5 and ϕ = 0.6 in the adopted structure generation model. This finding 
is consistent with previous observations (Sobieski 2019) and the literature. 
Newman and Ziff (2000) showed that for square lattices, the percolation 
threshold is 0.59275, which aligns with the values obtained in this study. A value 
of 0.595 is also reported by Wang and Zhou (2013). Preliminary data analysis 
further revealed significant differences in the efficiency of the tested algorithms, 
which will be discussed in the following section of the work.

Influence of porosity and obstacle size on tortuosity

Figure 6 shows the relationship between tortuosity and porosity for five 
different obstacle widths and the smallest grid resolution. The analysis reveals 
a clear increasing trend – decreasing porosity leads to a systematic increase in 
tortuosity, regardless of the transverse dimensions of the obstacles. This result 
is consistent with literature data (Koponen et al. 1996, 1997, Sobieski 2019). 
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For high porosity (ϕ = 0.9), tortuosity reaches values close to the minimum 
(τ ≈ 1.03 – 1.06), indicating nearly straight paths. In the case of low porosity 
(ϕ = 0.5 – 0.6), tortuosity rises sharply to values above 1.3. It is worth noting that 
structures with point obstacles (w = 1) exhibit significantly higher tortuosity 
compared to configurations with larger obstacles. For obstacles of size 4 to 7 nodes, 
tortuosity values are similar, whereas for sizes 10 and 13, the relationship 
becomes more complex and nonlinear, particularly at low porosity levels.

0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
1

1.2

1.4

1.6

1.8

2

2.2

f [–]

t 
[–
]

w = 1
w = 4
w = 7
w = 10
w = 13

Fig. 6. Influence of porosity ϕ on tortuosity τ for different obstacle widths w (grid 100 ×100) 
Source: own work.

Figure 7 shows the relationship between tortuosity and obstacle size for fixed 
porosity values. For low porosities (ϕ = 0.5 – 0.6), a clear decrease in tortuosity is 
observed when transitioning from point obstacles to wider structures, followed by 
stabilization of the values. For higher porosities (ϕ = 0.7 – 0.9), this relationship 
is less pronounced, and tortuosity remains at a relatively low, stable level.

An interesting phenomenon is observed for obstacle width w = 10, where 
tortuosity reaches a local minimum for most porosity values, suggesting the 
existence of an optimal scale of heterogeneity that minimizes path tortuosity. 
For w = 13, a slight increase in tortuosity is observed, particularly for ϕ = 0.5  
and ϕ = 0.6, indicating a more complex dependency for larger obstacles.

Figure 8 presents the combined influence of grid size, porosity, and obstacle 
size on tortuosity for nine selected parameter sets. For most configurations, 
a slight but systematic decrease in tortuosity is observed with increasing grid 
size. This trend is particularly noticeable for low-porosity structures, where 
tortuosity is significantly higher. For higher porosities (ϕ = 0.8 – 0.9), tortuosity 
values are lower and exhibit less variability. It is worth noting that for the 
configuration ϕ = 0.6 and w = 1, a slight increase in tortuosity with grid size was 
observed, which may indicate specific transport properties for this particular 
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Fig. 7. Influence of obstacle width w on tortuosity τ for different porosity values (grid 100 × 100)
Source: own work.
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Fig. 8. Influence of grid size 𝑛 on tortuosity τ or different parameter combinations
Source: own work.

parameter combination. A particularly interesting behavior occurs for ϕ = 0.5 
and w = 7, where a significant deviation from the general trend appears at a grid 
size of 125 nodes. This phenomenon does not occur for the similar configuration 
ϕ = 0.5, w = 4, suggesting high sensitivity to obstacle geometry. The cause 
of the observed anomaly is not fully explained. It is suspected that it does not 
result from grid generation errors but may arise from a specific combination 
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of parameters, which around a grid size of 125 nodes leads to a local change 
in medium properties. This effect may be amplified by nonlinear interactions 
between porosity and obstacle geometry, where a small change in obstacle size 
(from w = 4 to w = 7) at constant porosity ϕ = 0.5 can cause disproportionately 
large changes in path tortuosity. Similar unusual cases may also occur for other 
parameter configurations, but identifying them would require finding specific 
parameter combinations or dependencies, which can be very difficult to detect 
in standard analyses. In contrast, for the highest porosity (ϕ = 0.9), tortuosity 
remains at a nearly constant, low level, regardless of grid size or obstacle width.

In addition to studying the influence of obstacle size and porosity on tortuosity 
in a porous medium, the objective of this work was also to identify the most 
optimal algorithm for this type of simulation and to compare it with competing 
algorithms in terms of both the quality of the found paths (tortuosity) and the 
computation time required to determine them. To identify the most efficient 
algorithm, two diagrams were created showing the pathfinding times for random 
porous media of various sizes (Fig. 9 and 10). The presented results represent the 
average times calculated from all data contained in Tables 1–5 for each grid size.

The Dijkstra algorithm proved to be the least efficient in the tested 
environment. The average time required to find a solution for a 200 × 200 node 
grid was over 100 times longer than for the A* algorithm. This significant 
discrepancy arises from the fact that Dijkstra explores nodes solely based on 
the criterion of minimizing the actual travel cost 𝑔(𝑛), i.e., the distance from the 
start node. The main factor contributing to its drastic reduction in efficiency, 
however, was a deliberate implementation modification. The algorithm was 
implemented suboptimally, including the omission of the formal structure of the 
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Fig. 9. Comparison of average execution times for all tested algorithms
Source: own work.
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closed node set. Combined with the absence of any mechanism guiding the search 
toward the goal, this resulted in excessive, unguided exploration of the state 
space. This approach fulfilled the purpose of creating a reference algorithm with 
intentionally increased computational cost.

The A* and Greedy BFS algorithms, which use a Manhattan heuristic, were 
the fastest. The heuristic, by estimating the distance to the goal, effectively 
guided the search, drastically reducing the number of nodes explored. The BFS 
algorithm, lacking a heuristic but using a simpler and faster FIFO queue, 
performed intermediately – slower than the heuristic-guided algorithms but 
significantly faster than Dijkstra, which was burdened by the overhead of the 
priority queue.

Conclusion

The study investigated the influence of grid size, obstacle width, and porosity 
on the tortuosity of paths in porous media and evaluated the efficiency of various 
pathfinding algorithms. Numerical experiments were performed for grids of 100–
200 nodes, obstacle widths of 1–13 units, and porosity values from 0.9 to 0.5. 
Each parameter combination was tested in 50 independent iterations, resulting 
in 6250 valid datasets.

For porosity values ϕ ≥ 0.6, valid paths were always found within the iteration 
limit, while for ϕ = 0.5 no continuous path could be generated, indicating 
a percolation threshold between ϕ = 0.5 and ϕ = 0.6, consistent with literature 
values (≈ 0.59275). Decreasing porosity led to a systematic increase in tortuosity, 
reaching values above 1.3 for low porosity. Configurations with point obstacles 
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Fig. 10. Detailed comparison of average execution times for A*, BFS and Greedy BFS algorithms
Source: own work.
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(w = 1) exhibited the highest tortuosity, whereas larger obstacles produced 
smoother, less tortuous paths. For most cases, increasing grid resolution slightly 
reduced tortuosity, though specific parameter sets (e.g., ϕ = 0.5, w = 7) showed 
localized anomalies due to nonlinear geometric effects.

Among the tested algorithms, A* and Greedy BFS achieved the shortest 
computation times, effectively guided by the Euclidean heuristic, while Dijkstra’s 
algorithm was significantly slower due to its exhaustive, non-heuristic exploration 
strategy. The results confirm both the critical percolation behavior and the 
superior computational efficiency of heuristic algorithms in simulating transport 
phenomena in porous structures.

Note: This article is based on the results of the Filip Klimek Master’s thesis, defended at the 
University of Warmia and Mazury in Olsztyn in 2025.

Author contributions: Filip Klimek: selection, implementation, and description of algorithms;  
software development; execution of computations; compilation, processing, analysis and interpre-
tation of results.  Wojciech Sobieski: formulation of the research topic; literature review; prepa-
ration of the introduction and conclusion; description of materials; assistance with interpretation 
of results; assistance with manuscript editing.
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