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A b s t r a c t

This paper is a continuation of research concerning gas-solid flow modelling using the Euler- 
-Lagrange approach in a spout-fluid bed apparatus. The major challenge in this case was to deter-
mine the friction coefficient for particles hitting against the walls of the apparatus. On the basis 
of the properties of similar materials the value of this quantity was estimated at 0.2. Therefore,  
it proved useful to check the model’s sensitivity to the value of this parameter. The study investi-
gated the effect of friction coefficient on calculated values of particles velocity in the draft tube and  
the annular zone of the device for various volumes of the circulating bed. In the course of calcula-
tions, a relatively small influence of friction coefficient on particles velocity was observed in the 
tested zones of the apparatus. The changes were most visible for large volumes of the bed, which 
was connected with an increase in the number of collisions of particles with the walls.

Symbols

a	 –	 coefficient of Morsi-Alexander drag law, –, 
as	 –	 particle acceleration, m/s2,
c	 –	 coefficients of et correlation, –,
CD	 –	 drag coefficient, –,
d	 –	 particle diameter, m,
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e	 –	 restitution coefficient, –,
E*	 –	 effective Young’s modulus for impact of two materials, Pa,
Finteraction	 –	 averaged force of momentum exchange between phases per unit volume, N/m3,
Fexchange,i	 –	 force of momentum exchange between fluid and individual particle per unit mass, 

N/kg,
g	 –	 gravitational acceleration, m/s2,
H	 –	 height of the fixed bed, m
I	 –	 unit vector
m	 –	 mass, kg.
m*	 –	 effective mass for impact of two materials, Pa,
P	 –	 pressure, Pa,
R*	 –	 effective radius for impact of two materials, m
Re	 –	 relative Reynolds number, –,
Sg	 –	 deformation rate tensor of fluid phase
ug	 –	 velocity vector of fluid phase, m/s
us,i	 –	 velocity vector of individual solid particle, m/s
V	 –	 velocity component, m/s, volume, m3,
w	 –	 average velocity, m/s
x	 –	 coordinate vector (x, y, z)

Greek letters 

β	 –	 momentum transfer coefficient, –
η 	 –	 dynamic viscosity of the fluid, Pa · s,
θi	 –	 incident angle according to Wu et al. (2007), 
(θi)Fluent	 –	 incident angle according to ANSYS Fluent software, °,
Θ	 –	 nondimensional angle of incident, –,
Θcrit	 –	 critical value of nondimensional angle Θ, –,
κ	 –	 rigidity coefficient, –,
λ	 –	 kinetic energy loss ratio, –,
µ	 –	 friction factor, –,
ρ	 –	 density, kg/m3,
τg	 –	 stress tensor of fluid phase
ω	 –	 volume fraction, m3/m3.

Subscripts

bed	 bed
elast	 elastic
g	 gas
i	 incident
n	 normal
o	 inlet
r	 rebound
s	 solid
t	 tangential
Thornton	 from Thornton’s model
y	 yield
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Introduction

Spouting apparatuses were created as a modification of classic fluidized bed 
devices (Mathur, Gishler 1955). They eliminated their basic disadvantage, 
i.e. the possibility to use only small particles (Sutkar et al. 2013). They enabled 
operations on beds of materials with diameters of up to several millimetres 
(Geldart’s class D) (Geldart 1973). This is related to the unique characteristics 
of the bed flow in such devices (Epstein, Grace 2011, Moliner et al. 2017).  
The gas, which is fed only through the hole in the axis of the device, lifts the 
particles in the so-called spout zone. Then they form a spout above the surface  
of the bed and fall freely into the annular zone (annulus), where they are en-
trained again to the spout zone. Taking into account the movement of particles, 
the two zones differ considerably. In the central part, we are dealing with pneu-
matic transport, high flow velocities of both phases and a small volume fraction 
of solids. On the contrary, in the annular zone, a slowly moving packed bed is 
created. Due to this mode of operation the spouting devices have been used 
from the very beginning in many areas of the economy (Epstein, Grace 2011, 
Moliner et al. 2017). Spouting is widely used for drying sticky materials, e.g. 
pastes, sludge and grains with high moisture content, and in the food industry for 
dehydrating fruit and vegetables. This type of devices is also used for pyrolysis, 
combustion and gasification of waste materials, e.g. biomass, post-production 
sludge, used plastics and tyres. The ordered movement of particles compared 
to the fluidized bed makes the spouting devices ideal for coating in both the 
pharmaceutical and food industries (Teunou, Poncelet 2002). A coating lay-
er is applied in the spout zone and the material is dried in the annular zone.  
In classic spouting devices, particles are entrained into the spout zone from any 
point in the annular zone, which results in varying humidity and a random dis-
tribution of the coating times (Zhong et al. 2010). The solution to this problem 
is the use of the draft tube that physically separates the two zones and thus 
organises the circulation of particles. They may only be entrained into the spout 
zone along a short distance between the lower edge of the tube and the bottom. 
In addition, the draft tube reduces the minimum spouting velocity and allows 
the use of high beds (no maximum spoutable bed depth) (Ishikura et al. 2003). 

Initially, the coating was carried out in spouting apparatuses where the spray 
nozzle was located in the upper part of the chamber with the bed. However, both 
the efficiency of the process and the quality of the coating were low. Therefore, 
devices with a spraying nozzle located in the lower part of the bed have been 
introduced. In this system, the probability of collision between the particles and 
the coating droplets is higher and the drying time shorter, however, there is  
a risk of agglomeration of moistened bed particles due to their high concentra-
tion just above the nozzle. This can be prevented by using an additional stream  
of fluidizing air (spout-fluid bed system). Some modification of the construction 



Technical Sciences	 21(4) 2018

306	 Wojciech Ludwig

described above is the Wurster apparatus – a spout-fluid device with the draft 
tube and a nozzle in the bottom. It is considered to be the best design for coat-
ing of fine grain materials (Teunou, Poncelet 2002, Karlsson et al. 2006). 

Szafran et al. (2012) presented a new spout-fluid device with internal bed 
circulation, which is a modification of the Wurster apparatus, in which the 
hydrodynamics of particle flow significantly differs from that of classic spout 
apparatus. Thanks to the significant elongation, the device operates in the fast 
circulating dilute bed regime, which is characterized by low concentrations  
of particles in all zones and their high speed (Ludwig, Zając 2017). Therefore, 
the device is suitable for dry powder coating of materials with small grain size, 
even those in Geldart’s Group C (Geldart 1973). 

The correct description of phase flow hydrodynamics is the basis for mod-
elling the coating process in the spouting apparatuses. Due to the intensive 
development of models describing multiphase flows, computational algorithms 
and the increase in power of computer hardware, an increasing role of computa-
tional fluid dynamics (CFD) in the modelling of spouted beds can be observed.  
In the case of gas-solid systems, there are two approaches: Euler-Euler (EE) and 
Euler-Lagrange (EL) (Ranade 2002, Moliner et al. 2017). The first approach 
treats both phases as interpenetrating continua. Equations describing both 
phases have a similar structure, they differ only in the volume fraction of a given 
phase (Ranade 2002). They are solved for each phase separately. We take into 
account the interaction of phases through pressure and the terms called inter-
phase coefficients of momentum, energy and mass exchange (Ludwig, Zając 
2017). EE models have no limitations concerning volume fraction of individual 
phases; they can be used in devices of any scale. Unfortunately, in their case it 
is necessary to develop a model describing the rheology of the dispersed phase. 
EE models do not provide accurate information on particle movement – we only 
know their volume fraction and average velocity. The calculation cost of these 
methods is low, so they are often used. In this case, however, it is necessary 
to validate the values of the model parameters, e.g. packing limit, restitution 
coefficient, etc. (Ludwig, Zając 2017). These must be determined by compar-
ing the results of the simulation with the experimental data for a given device. 
In relevant literature there is a lack of satisfactory data, e.g. for devices with 
circulating bed.

EL models describe the dynamics of the continuous phase using the cell 
averaged momentum transport equations (Deen et al. 2007). The motion of the 
dispersed phase is modelled by solving motion equations for each of its elements 
individually, which entails a high demand for computational power and memory 
(Jaworski 2005). Fluidized and spouted beds are characterized by granular flows 
with a high volume fraction of the dispersed phase. Therefore, in EL approach 
such flows are most often described using DEM (Discrete Element Method) 
(Cundall, Strack 1979). In its original form, it is insufficient to describe  



Technical Sciences	 21(4) 2018

	 Impact of Friction Coefficient on Particles Circulation Velocity Calculated…	 307

the multiphase fluid-solid flows, as it does not take into account the hydrody-
namic forces resulting from the momentum exchange between the fluid stream 
and the particles that move within it. In this case, the DEM method is combined 
with the CFD models: the dispersed phase is described using DEM and CFD 
models are used for the continuous phase (fluid). This CFD-DEM approach has 
become an effective tool to study the hydrodynamics of complex granular flows. 
Two approaches are used to describe interparticle and wall collisions: soft-
sphere and hard-sphere. The soft-sphere method assumes that particles may 
experience microdeformation in the contact point area due to friction and stress 
(Tsuji et al. 1993). Deformations cause some strain, i.e. ‘numerical’ displace-
ment of two bodies. The greater the strain, the higher the value of the contact 
force between the bodies. The hard-sphere method assumes that all interpar-
ticle interactions are binary and immediate (contact time is infinitely small) 
and that contact forces are impulsive (Hoomans et al. 1996, Wachem, Almst-
edt 2003). The particles are spherical and this shape is retained after impact.  
The basic correlations used in this method are the balance of momentum and 
energy before and after the collision. The contact between the bodies is point-
based and during its course they undergo normal and tangential deformations 
resulting from the occurring elastic forces. Particle velocities after collision 
are determined by the pre-collision velocities and restitution factors according  
to the formula:

	 𝑒𝑒𝑛𝑛,𝑡𝑡 = 𝑉𝑉𝑟𝑟 𝑛𝑛,𝑡𝑡
𝑉𝑉𝑖𝑖 𝑛𝑛,𝑡𝑡

 	 (1)

When we deal with the significant low volume fraction 10–3–10–4, a simpli-
fied DEM model called the Discrete Phase Model (DPM) can be used to describe 
the circulation of the dispersed phase, where only collisions of particles with 
the walls of the apparatus are taken into account. During the previous studies 
the author presented a model of particle-wall collision, which was successfully 
used to calculate the velocity of particles in the key area for coating in the mod-
ified Wurster apparatus (Ludwig, Płuszka 2018). The model assumed the use  
of selected Thornton and Wu equations describing respectively the normal and 
tangential restitution coefficient as a function of the particle velocity and the 
angle of its incidence on the surface from which it rebounds (Thorton et al. 
2001, Wu et al. 2009). In order to be able to apply the model equations, it was 
necessary to know many physical properties of the circulating particles and 
the material of the walls (see Tab. 1). The biggest problem in this case was 
to determine the value of the friction coefficient of particles against the walls 
of the apparatus. Based on the properties of similar materials, its value was 
initially estimated at 0.2 (Wu, Seville 2016). In order to check the impact  
of an error in adopting this value on the correctness of calculating the particle 
velocity in the apparatus, an analysis was made of the dependence of the results  



Technical Sciences	 21(4) 2018

308	 Wojciech Ludwig

in the draft tube zone and the annular zone on the assumed friction coefficient 
value for various volumes of the bed. Data obtained from computer simulations 
were compared with experimental results.

Modelled apparatus

The modelled device is presented in Figures 1 and 2. Its main part is  
a very long column (3 m high) consisting of three cylindrical glass segments 
B, D and E and an aluminium cone C with air supply nozzles, a plasticiser 
and a coating substance, which, contrary to classical solutions, was placed be-
tween the lower segment B (particle acceleration zone) and the upper part D  
of the device (coating zone). 

In the axes of the segments there is a glass draft tube 6, above which there 
is a metal deflector 8, which prevents the bed from being blown away and allows 
for the use of high velocities of spouting air. It is fed through the injector 10, 
which sucks the gas from the annular zone. The particles poured into the ap-
paratus fall freely to the bottom of the lower segment B. When the spouting gas 
stream 1 is switched on, the particles are sucked in and accelerated to achieve 
the required circulation velocity, passing through cone C with powder nozzle 3 

Fig. 1. Diagram of spout-fluid bed apparatus with a circulating dilute bed for dry coating: 
A – particle entrainment zone, B – bottom segment (acceleration zone), C – cone with nozzles 

spraying the plasticiser and coating powder, D – middle segment (coating zone),  
E – upper segment (spouting zone), F – outlet (dust extraction zone). Dimensions  

of the apparatus: height: 3 m, inside diameter of the lower section 0.08 m, inside diameter  
of the upper section: 0.15 m, length of the draft tube: 1.78 m, its inside diameter  
in the lower section: 0.041 m, its inside diameter in the upper section: 0.054 m

Source: based on Ludwig and Zając (2017), Ludwig and Płuszka (2018).
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Fig. 2. Details of selected parts of the spout-fluid bed apparatus with a circulating dilute bed 
for dry coating (the arrows show the trajectories of the movement of the coated particles):  

A – entrainment zone with the injector, B – bottom segment (acceleration zone),  
C – cone with nozzles, D – middle segment (coating zone), E – upper segment (spouting zone);  

1 – main stream of spouting air, 2 – stream of fluidizing air, 3 – powder spraying nozzle,  
4 – plasticizer nozzle, 5 – double external glass wall of the apparatus, 6 – glass draft tube,  
7 – annular zone (drying zone), 8 – aluminium deflector, 9 – aluminium connecting rings,  

10 – metal injector, 11 – holes for bed unloading
Source: based on Ludwig (2016).

and plasticiser nozzle 4, and then through the upper draft tube 6 in segment D. 
When they leave the draft tube, they rebound off deflector 8, fall into annular 
zone 7 and fall to the bottom. In entrainment zone A, they are sucked in again.

Model description

In Eulerian-Lagrangian modelling the flow of the continuous phase is de-
scribed by means of the transport equations averaged in the calculation cell. 
A significant difference, in comparison to single-phase flows, is the inclusion  
of the volume fraction of the phase ω in the equation terms. The continuity 
equation is in the form (Wachem, Almstedt 2003):

	  
∂
∂𝑡𝑡 (𝜔𝜔𝑔𝑔𝜌𝜌𝑔𝑔) + ∇(𝜔𝜔𝑔𝑔𝜌𝜌𝑔𝑔𝑢𝑢𝑔𝑔) = 0 	 (2)
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where the index g means the continuous phase (fluid). The momentum conser-
vation equation:

	
∂
∂𝑡𝑡 (𝜔𝜔𝑔𝑔𝜌𝜌𝑔𝑔𝒖𝒖𝒈𝒈) + ∇(𝜔𝜔𝑔𝑔𝜌𝜌𝑔𝑔𝒖𝒖𝒈𝒈𝒖𝒖𝒈𝒈) = −𝜔𝜔𝑔𝑔∇𝑃𝑃 + ∇(𝜔𝜔𝑔𝑔𝝉𝝉𝒈𝒈) + 𝜔𝜔𝑔𝑔𝜌𝜌𝑔𝑔𝒈𝒈 + 𝑭𝑭interaction 	 (3)

contains a stress tensor τg defined as:

	 𝜏𝜏𝑔𝑔 = 2𝜂𝜂𝑆𝑆𝑔𝑔 −
2
3 𝜂𝜂𝑆𝑆𝑔𝑔

𝑇𝑇𝐼𝐼 	 (4)

where η is the dynamic viscosity of the fluid, I is the unit vector, and Sg is the 
tensor of the deformation velocity in the continuous phase:

	 𝑆𝑆𝑔𝑔 =
1
2 (∇𝑢𝑢𝑔𝑔 + (∇𝑢𝑢𝑔𝑔)

𝑇𝑇) 	 (5)

In equation (3), the source term Finteraction represents the average effect 
of the momentum exchange between the continuous phase and all the elements  
of the discrete phase that are present in the control volume under investigation:

	 𝐹𝐹interaction =
∑ [𝑉𝑉𝑠𝑠,𝑖𝑖𝜌𝜌𝑠𝑠𝐹𝐹exchange, i]𝑁𝑁

𝑖𝑖=1
∑ 𝑉𝑉𝑠𝑠,𝑖𝑖

𝑁𝑁
𝑖𝑖=1

 𝛿𝛿 	 (6)

In equation (6), Vs,i is the volume of the i-th solid particle and δ is a pulsating 
function: 

	  ( ) ( )
( )




−
=−

=−=
0,0
0,1

s,ig

s,ig
s,ig xx

xx
xxf 	 (7)

Function δ = f (x – xs,i) ensures selective occurrence of interphase interactions 
(Fexchange forces) by limiting them to discrete points of space x in the continuous 
phase, in which the particles of the dispersed phase are present.

The momentum transfer between the gas stream and a single solid particle 
for the Eulerian-Lagrangian approach is calculated from the following equations 
(Wachem, Almstedt 2003):

	 𝐹𝐹exchange,𝑖𝑖 =
18 𝜂𝜂 𝐶𝐶𝐷𝐷 Re
𝜌𝜌𝑠𝑠𝑑𝑑𝑠𝑠224

(𝑢𝑢𝑔𝑔 − 𝑢𝑢s,𝑖𝑖) 	 (8)

	 Re =
𝜌𝜌𝑔𝑔𝑑𝑑𝑠𝑠|𝑢𝑢𝑔𝑔 − 𝑢𝑢s, i|

𝜂𝜂   	 (9)
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Symbols appearing in the above formulas indicate respectively: ρs, ρg, η, ds –  
particle density, fluid density, dynamic fluid viscosity and particle diameter,  
Re – relative Reynolds number, ug, us,i – velocity of gas stream and i-th particle.  
The last element is CD drag coefficient. The model developed by Morsi and  
Alexander (1972) for spherical particles was chosen for its calculation (accord-
ing to the manufacturer’s data, the sphericity of circulating particles is 0.95):

	  𝐶𝐶𝐷𝐷 = 𝑎𝑎1 +
𝑎𝑎2
Re +

𝑎𝑎3
Re2 	 (10)

The constant a take different values in the function of the relative Reynolds 
number. It is one of the most complete correlations, taking into account the wide 
range of Reynolds numbers used.

Equations describing the movement of the dispersed phase are based on 
Newton’s second law of dynamics. The effects of gravity, interaction with the 
continuous phase and collisions with walls were taken into account in the cal-
culations (Wachem, Almstedt 2003):

	 𝑚𝑚𝑠𝑠𝒂𝒂𝒔𝒔 = 𝑚𝑚𝑠𝑠𝒈𝒈 + 𝑉𝑉𝑠𝑠∇𝝉𝝉𝒈𝒈 − 𝑉𝑉𝑠𝑠∇𝑃𝑃 + 𝑚𝑚𝑠𝑠𝑭𝑭exchange 	 (11)

where:
as	–	symbolizes the acceleration of a given solid particle, 
Vs	–	the volume of the particle, 
P	 –	the local value of the pressure field, 
τg	 –	the stress tensor for the continuous phase, averaged in the calculation cell. 

The expression Vs∇ τg is often omitted due to the small value in comparison 
with other parts on the right side of the equation. Fexchange is calculated from 
equation (8). Equation (11) does not contain the term related to the interaction 
between particles, because it can be omitted in our case due to the low concen-
tration of the dispersed phase. 

Inside the modelled apparatus oblique impacts take place (Fig. 3). In order 
to describe them the normal and tangential restitution coefficients are required.  
On their basis, the velocity of the particle and the angle of reflection after colli-
sion with the wall are determined according to equation (1). The oblique collision  
of a particle with the wall is schematically presented in Figure 3. The most im-
portant parameters of the model are marked on it: oblique incident velocity Vi,  
being the resultant of the normal Vni and tangential Vti component, as well as  
incidence angles θi and critical angle θcr, the significance of which will be explained 
later. When particles come into contact with the wall, restitution coefficients en, et  
are calculated, leading to the formation of rebound velocity components Vnr, Vtr 
and determining the new velocity Vr of the particle after collision. 
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Fig. 3. The oblique impact of sphere on the flat surface 
Source: based on Ludwig and Płuszka (2018).

Calculation of the normal restitution coefficient

Elastic collisions for low particles velocities were described using Hertz  
theory (Timoshenko, Goodier 1951). They are characterized by the occur-
rence of stress wave effect, which is propagating in the material. The propa-
gation of impact takes place at the expense of part of its initial kinetic energy.  
This dissipated fraction of energy is described using the kinetic energy loss ratio λ,  
which is correlated with a normal restitution coefficient (Wu et al. 2005):

	 𝑒𝑒𝑛𝑛,elast = (1 − 𝜆𝜆
100)

1/2
 	 (12)

where index elast indicates the range of elastic collisions and λ is calculated 
from the equation:
	 𝜆𝜆 = 0.73 𝑉𝑉𝑛𝑛𝑛𝑛

3/5 	 (13)

As the collision velocity increases, the significance of plastic interactions 
also increases, while the significance of elastic interactions is reduced. In this 
work the analytical dependence of the normal restitution coefficient derived by 
Thornton from the simplified model of elastoplastic collision was used (Thorton 
et al. 2001):

  𝑒𝑒𝑛𝑛, Thornton = {(6√35 ) [1 − 1
6 (

𝑉𝑉𝑦𝑦
𝑉𝑉𝑛𝑛𝑛𝑛

)
2
]}

1/2

{(
𝑉𝑉𝑦𝑦
𝑉𝑉𝑛𝑛𝑛𝑛

) [(
𝑉𝑉𝑦𝑦
𝑉𝑉𝑛𝑛𝑛𝑛

) + 2√1.2 − 0.2 (
𝑉𝑉𝑦𝑦
𝑉𝑉𝑛𝑛𝑛𝑛

)
2
]}

1/4

 	 (14)
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where Vy is the yield velocity calculated from relation:

	 𝑉𝑉𝑦𝑦 = 3.194 (𝑌𝑌5 (𝑅𝑅∗)3

𝐸𝐸∗4 𝑚𝑚∗ )
0.5

 	 (15)

where Y is the yield strength, R*, E*, m* are the effective radius, Young’s mod-
ulus and mass for impact of two materials. When the normal component of the 
particle velocity hitting the wall is greater than Vy, an elastoplastic collision is 
present and the normal restitution coefficient is calculated from equation (14). 
Otherwise, an elastic collision occurs and equation (12) is used.

In particle collisions with the deflector in the apparatus under investigation, 
the model for the normal velocity component will be predominant. In the case 
of rebounds from the inner surface of the draft tube and two surfaces of the 
annular zone, the hydrodynamics of the particles will be influenced mainly by 
the tangential model, which is described below.

Calculation of the tangential restitution coefficient

As with the normal restitution coefficient, the tangential part of the model is 
described by a single analytical equation. On the basis of available literature it 
was found that only one model of tangential collisions, presented in the article by 
Wu et al. (2009) can be implemented in a relatively simple way in calculations. 
Its additional advantage is good correlation with experimental data, which is 
proved by the authors. Equations (16)–(18) present the most important model 
formulas (Wu et al. 2009): 

	 𝑒𝑒𝑡𝑡 = {
1 − 2

Θ
[𝑐𝑐1 + 𝑐𝑐2 tanℎ(𝑐𝑐3 + 𝑐𝑐4Θ)], Θ < Θcrit

1 − 2
Θ
 , Θ ≥ Θcrit

 	 (16)

	 Θ = 2
(1 + 𝑒𝑒𝑛𝑛)𝜇𝜇

tan( 90° − θ𝑖𝑖) 	 (17)

	  Θcrit =
7𝜅𝜅 − 1

𝜅𝜅  	 (18)

where:
en	–	the normal restitution coefficient (determined by the normal model 

equation), 
µ	 –	the friction coefficient, 
κ	 –	the rigidity coefficient and θ is the incident angle. 
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In this paper θ is defined as the angle between the velocity vector and the 
wall plane, as opposed to the definition from the source article, where the angle 
formed by the velocity vector and the normal to the wall plane is operated (Fig. 3).  
The c coefficients from equation (16) were determined by approximation of the 
results of numerical simulations of FEM (Finite Element Method) presented in 
the paper of Wu et al. (2009) and amount to: c1 = 0.4459, c2 = –0.6112, c3 = 0.9288, 
c4 = –0.4050, respectively. 

Materials used in simulations

In order to use the equations presented in the previous chapter, the value  
of Vy from equation (14) has to be determined. In this case the physical prop-
erties of the colliding particles and walls (glass and aluminium) (Tab. 1) must 
be known (Ludwig, Płuszka 2018). In the simulations Cellets® 1000 particles 
produced from microcrystalline cellulose by SYNTHAPHARM were modelled. 
They are frequently used as drug carrier in the pharmaceutical industry.

Air parameters were assumed to be constant: density 1.22 kg/m3, kinematic 
viscosity 1.75∙10–5 Pa-s.

Table 1
Physical properties of materials used in simulations 

Quantity Value
Young’s modulus for Cellets® C1000 [GPa] 1.559
Young’s modulus for borosilicate glass 3.3 [GPa] 64
Young’s modulus for aluminium 2017 [GPa] 73
Poisson’s ratio for Cellets® C1000 0.3
Poisson’s ratio for borosilicone glass 3.3 0.2
Poisson’s ratio for aluminium 2017 0.334
Plasticization Pressure for Cellets® C1000 [MPa] 108.55
Yield velocity [m/s] 2.08
Particle density [kg/m3] 1,570
Particle diameter [mm] 1.11

Model solution 

In order to solve the presented model Ansys Fluent solver was used which 
settings are presented in Table 2 and 3. In the course of previous studies, an 
optimal numerical mesh with polyhedral cells and the following parameters 
has been obtained: number of cells 708,621, number of faces 3,968,399, number  
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of nodes 2,967,161, maximal skewness 0.583836 (Ludwig, Zając 2017, Ludwig, 
Płuszka 2018). The flow was assumed as isothermic and incompressible. 

During the simulation, only the air outflow from the main spouting nozzle 
was taken into account, which was determined on the basis of experimental ob-
servations of the bed (Tab. 4) (Ludwig, Zając 2017). The results of the average 
particle velocity for different values of friction coefficient (0.1–0.4) and volumes 
of the poured bed (100–400 cm3) were read in each calculation time step from  
a cross-section located approximately in the middle of the upper segment (Fig. 4).  

Table 2 
Model parameters – fluid (continuous) phase

Parameter Value
Solver 3D, pressure based, steady
Pressure-velocity coupling SIMPLE
Turbulence model standard k-ε with modification “realizable”
Description of near-wall zone enhanced wall treatment
Boundary condition at the inlet to column velocity inlet
Boundary condition at the outlet of column pressure outlet
Discretization scheme second order upwind
Limit of scaled residuals 1 ∙ 10–4

Table 3 
Model parameters – particles (discrete phase)

Parameter Value
Type of solver transient, interaction with continuous phase
Number of continuous phase iterations  
on one iteration of discrete phase 10

Type of injection surface surface
Particle diameter distribution type uniform
Injection time 10–1 s
Number of particle in parcel varying with the mass of the bed
Wall boundary condition reflect

Table 4 
Air velocities in the spouting nozzle corresponding to various volumes  

of bed applied during calculations
w0 [m/s] Vbed [cm3] Hbed [mm]

189 100 34
278 200 54
333 300 74
407 400 94
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These results were then averaged over time. The averaged value of particle 
velocity was compared with experimental results obtained by PIV (Particle  
Image Velocimetry) method, which was described in detail in the article  
of Ludwig and Zając (2017).

Results and discussion

In the course of calculations, a relatively small influence of friction coeffi-
cient on particles velocity was observed in the tested zones of the apparatus. 
Its increase by 300% from 0.1 to 0.4 caused an increase in particles velocity  
in the draft tube by maximum 16% (on average 14%) (Fig. 5), while its decrease in 
the annular zone by maximum 25% (on average 18%) (Fig. 6). The changes were 

Fig. 4. Section of the simplified apparatus geometry used in the simulation (arrows show 
the circulation of particles): a — spouting air nozzle, b — powder spraying nozzle, c — liquid 

spraying nozzle, d — deflector, e — air outlet, f — draft tube, g – annular zone, h – localization 
of measurements and simulation data reading

Source: based on Ludwig and Płuszka (2018).

Fig. 5. Particles velocity in the draft tube as a function of friction coefficient  
for different volumes of the bed 
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Fig. 6. Particles velocity in the annular zone as a function of friction coefficient  
for different volumes of the bed

most visible for large volumes of the bed in the annulus. For Vbed=100 cm3 and 
Vbed=400 cm3 they equalled respectively –13% and –26% in this zone (Fig. 6). 
In the draft tube the influence of the number of circulating particles was small 
(for Vbed = 200 cm3 the change was 12% and for Vbed =400 cm3 13%) (Fig. 5). 

As the volume of the bed increases, the number of collisions between particles 
and the walls of the device increases. The number of collisions in the annulus 
is much higher than in the draft tube because the particles after rebounding 
from the curved bowl of the deflector move on curvilinear tracks, rebounding 
successively from the outer wall of the draft tube and the inner wall of the ap-
paratus (Ludwig, Płuszka 2018). Inside the draft tube, except in the zone just 
above the spouting gas nozzle where there is intensive mixing, the bed moves 
parallel to the walls of the device.

The different dependency of particle velocity on the friction coefficient in the 
draft tube and the annular zone results from the properties of equation (15) 
(Fig. 7). According to it, in the area of low test angles (below approximately 70°,  
depending on the normal restitution coefficient), an increase in the value  
of the friction coefficient causes a decrease in the tangential restitution coefficient. 
For high incidence angles this relationship is reversed. A relatively small number 
of collisions with a high incidence angle occur in the draft tube, especially in the 
bottom part of the apparatus, where the bed is intensively circulating (Ludwig, 
Płuszka 2018). In the annular zone, on the other hand, the collisions are more 
frequent and the particles collide with the walls at low angles. 

In the case of a 100 cm3 bed, the particle velocity in both the draft tube 
and the annular zone always decreases with the increase in the friction coeffi-
cient from 0.1 to 0.4, but this change is small and amounts to –13% and –14% 
respectively (Fig. 5 and 6). With such a small number of particles, they do not 
mix in the lower zone of the draft tube and they move parallel to the walls from 
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the beginning and their incidence angles are small, resulting in a decrease in 
tangential restitution coefficients as the friction coefficient increases. 

The curve of particle velocity simulation results in the draft tube for the coef-
ficient of friction 0.1 gives the highest accuracy in reference to the experimental 
data in the draft tube (the largest and smallest relative errors are 15% and 1% 
respectively) and in the annular zone (the largest and smallest relative errors 
are 57% and 34% respectively) (Fig. 8 and 9). However, the increase in accu-
racy with respect to the value of 0.2 used in the previous calculations is small.  
In this case, the largest and smallest relative errors in the draft tube were 22% 
and 1% respectively and in the annular zone 57% and 44%. The relative error  

Fig. 7. Tangential restitution coefficient as a function of incident angle between particle velocity 
vector and the wall plane for different friction coefficients according to equation (16)  

(normal restitution coefficient 0.9)

Fig. 8. Particles velocity as a function of bed’s volume for different friction coefficients  
in the draft tube 
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in the annular zone remained relatively high, which was related to the hydro-
dynamics of the bed flow at this point (high values of the normal component  
of the particle velocity) and the properties of Thorton’s equation (rapid decrease 
in the normal restitution coefficient with an increase in incident velocity).  
In turn, high values of incidence angles of particles against the apparatus walls 
in this zone caused a decrease in the tangential restitution coefficient. Both these 
factors caused the calculated particle velocity to be understated. A detailed de-
scription of this mechanism can be found in article Ludwig and Płuszka (2018).

Conclusions

The paper analyses the impact of the friction coefficient, difficult to measure 
and therefore not widely published in the literature, on the results of particle 
velocity simulation in a spout-fluid bed apparatus for dry coating. The most 
important zones from the point of view of the process have been taken into 
account: the draft tube and the annulus. It has been shown that even a large 
change in the assumed value of the friction coefficient of particles against the 
wall does not significantly affect the accuracy of model calculations. Therefore, 
this value does not need to be determined experimentally with high accuracy, 
which is very difficult. For model calculations it is enough to know only the ap-
proximate value of this parameter. An apparently surprising observation was 
also made that, depending on the particle incidence angle, an increase in the 
friction coefficient may cause both an increase and a decrease in their velocity.  
The choice of models calculating perpendicular and tangential restitution 

Fig. 9. Particles velocity as a function of bed’s volume for different friction coefficients  
in the annular zone
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coefficients has a significantly greater influence than the friction coefficient 
value. The literature offers many items concerning the description of these 
correlations (Li et al. 2001, Jackson et. al. 2010). This will be the subject  
of my further research.
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