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Abstract

The pressure drop during water flow through two gravel beds with 2-8 and 8-16 [mm] grain size
was measured across a wide range of filtration velocities, and the optimal method for calculating
the coefficients for Darcy’s law and Forchheimer’s law was selected. The laws and the experimental
data were used to develop a computational program based on the Finite Element Method (FEM).
The results were compared, and errors were analyzed to determine which law better describes
flow data. Various methods of measuring porosity and average grain diameter, representative
of the sample, were analyzed. The data were used to determine the limits of applicability of both
laws. The study was motivated by the observation that computational formulas in the literature
produce results that differ by several orders of magnitude, which significantly compromises their
applicability. The present study is a continuation of our previous research into artificial granular
materials with similarly sized particles. In our previous work, the results produced by analytical
and numerical models were highly consistent with the experimental data. The aim of this study
was to determine whether the inverse problem methodology can deliver equally reliable results
in natural materials composed of large particles. The experimental data were presented in detail
to facilitate the replication, reproduction and verification of all analyses and calculations.
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Introduction

Fluid flow through porous media can be described mathematically at two
qualitatively different levels. The first level (historical) involves macroscopic
measurements. In this approach, a porous medium is regarded as a homogeneous
medium where flow resistance is generally averaged in space and time (ERGUN
1952, HELLSTROM, LUNDSTROM 2006, SIDIROPOULOU et al. 2007, SOBIESKI
2010). The structure of the material, channel shape and particle surface are not
considered. Flow resistance is determined with the use of generalized parameters
such as average particle diameter, porosity and tortuosity. The main disadvantage
of this approach is that constant values, which usually differ for various types
of porous media, have to be incorporated into mathematical models. As a result,
a generally applicable mathematical model for measuring flow resistance
in porous media has never been developed. Generalized Forchheimer’s law appears
to be the only relatively universal equation (SOBIESKI, TRYKOZKO 2011), but two
coefficients have to be defined individually for every medium (SIDIROPOULOU et al.
2007). A dedicated methodology for calculating these coefficients has never been
proposed, and dozens of formulas generating results that differ by many orders
of magnitude have been described in the literature (SOBIESKI, TRYKOZKO 2011).

The second level involves microscopic measurements where the shape
of channels and local factors are taken into consideration. This approach appears
to be consistent with the laws of physics, but it requires highly complex numerical
models and is very difficult to implement in practice. The main disadvantage
of this approach is that microscopic observations cannot be expressed on the
macroscopic scale. In practice, numerical grids can be generated to define
a small fragment of space and calculate pressure fields and velocity with the use
of CFD techniques. However, numerical grids describing geometrically complex
pores are difficult to generate and require considerable computational power,
which is why this approach cannot be used to develop full-size models of real
objects. Numerous simplifications have been applied to overcome these problems.
Problems are analyzed in 2D space, and pore space is modeled with simple
geometric shapes, including circles (HELLSTROM, LUNDSTROM 2006, PESZYNSKA
et al. 2009a, 2009b) and rectangles (KOPONNEN et al. 1996, 1997, MATYKA et al.
2008). Pseudo-random methods are also used (NABOVATI, SOUSA 2007). Pore
space is very rarely modeled in 3D space based on the actual structure of the
porous medium. Such an attempt was made by CARMINATI (2007) who captured
the real geometry of pore space by computed tomography and used the results
to develop a classical CFD model. In other studies, the structure of porous space
was described at the microscopic scale, but fluid flow was not modeled (MOTA
et al. 1999, NEETHIRAJAN et al. 2006).
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It should be noted that both levels can be combined by multiscale (hybrid)
modeling. In this approach, flow is described with macroscale models, but
the required parameters and coefficients, such as tortuosity, are determined
analytically based on a simplified geometry of pore space. This approach has
been rarely described in the literature, and notable examples include a study
by WU et al. (2008) which presents a full mathematical model, or a study by
YU and LI (2004) who proposed an analytical method for calculating tortuosity
in geometrically simplified pore space. The multiscale approach can also be
used in full CFD models (HELLSTROM, LUNDSTROM 2006, PESZYNSKA et al.
2009a, 2009b) but significant progress in this area has not been made to date.

The current study relies on the macroscopic approach, but the existing
empirical formulas for calculating the coefficients for Darcy’s law and
Forchheimer’s law were not used. Empirical formulas produce highly varied
results, which is why the proposed methodology was based on the inverse problem
(VAN BATTENBURG, MILTON-TAYLER 2005, HUANG, AYOUB 2008, SOBIESKI,
TRYKOZKO 2011, 2014a, 2014b). The method of processing experimental data plays
an important role in this approach (SOBIESKI, TRYKOZKO 2011). The proposed
methodology involves a simple laboratory experiment, but it guarantees high
consistency of experimental data with the analytical or numerical model across
a wide range of filtration velocities. In the work of SOBIESKI and TRYKOZKO (2011),
data consistency was estimated at 1-3% across the tested range of filtration
velocities. Similar results were reported by SOBIESKI and TRYKOZKO (2014b), but
relative error was higher for several initial measurement points (with the lowest
filtration velocity), and it reached 10.25% for the lowest filtration velocity (relative
error decreased rapidly for successive filtration velocities). The greatest advantage
of the inverse methodology is that pressure loss can be reliably predicted when
the value of the permeability coefficient and/or the Forchheimer coefficient for
a given porous medium is known. In a cross-validation procedure, an experiment
involving the determination of the above coefficients can be regarded as an
element of the training set, and a system where flow resistance is modeled can
be regarded as the validation set. The training model is one-dimensional and
simple to develop, whereas predictive models can be two- or three-dimensional,
at least for isotropic media.

Porous media composed of glass beads with roughly identical diameters
were investigated by SOBIESKI and TRYKOZKO (2011, 2014a, 2014b). Porosity
and pressure loss during fluid flow were highly similar in the investigated
media. These results could suggest that in less homogeneous media, experimental
data will be less consistent with numerical data. To determine the magnitude
of relative error in such cases, these experiments were replicated with the use
of a different porous medium. The aim of this study was to determine whether
the inverse problem method can produce equally reliable results in natural
materials composed of large particles. The applied tools and methods are not new.
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However, the presented results were obtained in a new medium, which contributes
to the body of knowledge on the applicability of the inverse problem method for
describing the properties of porous media with variable particle size.

Experimental design

The test stand for analyzing the porous medium is presented in Figure 1.
The stand is composed of a plexiglass tube filled with gravel (6). Water from
a bottom tank (7) is supplied to the bottom of the plexiglass cylinder by a pump (2).
The flow rate is controlled by a control valve (3) and an overflow valve (4).
Water flows through gravel to the top tank (7), and it returns to the bottom
tank via an overflow pipe (8). Volumetric flow rate was measured with
a rotameter (5). Pressure was measured with U-tube manometers joined to pipe
connectors (marked I to 4 in the diagram). Water temperature was measured
with a thermometer (9). Measurement errors were as follows: volumetric flow
rate 0.000000056 m3/s, piezometric head 1.0 mm H,0, temperature 0.1 K.
The distance between extreme measurement points was 0.9 m, and the porous
medium had a cross-sectional area of 0.005 m2. Two porous media were tested:
gravel with 8-16 mm grain size and gravel with 2-8 mm grain size.

1 - boltom reservoir

2 - delivery pump ‘
3 - control valve ‘
4 - overflow valve

5 - rotameter

6 — porous column ‘
7 — upper reservoir

8- overflow valve c

9 — thermometer ‘

o sl W eC a1 [ 68 1.9 % h |

=

1-4 — measurement
points

S0 38 -5 /' &
e

=

Fig. 1. Diagram of the test stand for analyzing a porous medium (a),
gravel with 2-8 mm grain size (b), gravel with 8-16 mm grain size (c)
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All measurements were conducted in the test site presented in Figure 1.
The correlation between volumetric flow rate and piezometric head was
determined between extreme measurement points (4-1). The drop in pressure
was measured at different settings of the control valve (3). In the porous medium
with 2-8 mm grain size, the control valve was set to 12 volumetric flow rates
from 1.9E-6 m?/s to 52.2E-6 m3/s. In the porous medium with 8-16 mm grain
size, the control valve was set to 7 volumetric flow rates from 38.1E-6 m3/s
to 52.2E-6 m?/s. In the porous medium with 8-16 mm grain size, the range
of valve settings was small because differences in the pressure of water flowing
through the medium were negligible. Flow resistance was very low in the tested
porous medium. The measurements were performed in triplicate for each medium.
The cylinder was then emptied, gravel was stirred and poured back into the
cylinder. This operation was repeated three times to calculate the average
pressure difference Ah. The measurements were conducted at constant water
temperature of 304 K, at which water density was p=995,34 kg/m3, and water
viscosity was 4 =0.00078433 kg/(m's). The results of the measurements are
presented in Tables 1 and 2. The measured values are presented graphically
in Figure 2, where the average values for every cylinder refill are denoted by lines.

Table 1
Measurements performed in the medium with 2-8 mm grain size
Flow rate Refill 1 Refill 2 Refill 3 Average
1% Ah Ah Ah Ah AR Ah Ah Ah Ah Ah
m3/s mm mm mm mm mm mm mm mm mm mm
01.9E-6 9 9 9 8 7 6 9 8 8 8.11
06.1E-6 37 36 35 30 28 29 36 33 34 33.11
10.6E-6 70 71 68 55 54 54 67 67 66 63.56
12.5E-6 106 106 104 82 82 82 100 99 99 95.56

19.7E-6 142 144 144 114 116 110 138 135 135  130.89
244E-6 191 186 182 139 144 145 178 178 176  168.78
28.9E-6 231 230 226 176 180 180 219 218 216 208.44
33.3E-6 276 272 264 218 215 216 261 260 263  249.44
38.1E-6 329 325 323 257 255 257 310 311 311 297.56
42.8E-6 389 384 378 303 301 301 368 367 368  351.00

47.8E-6 448 444 444 353 351 351 427 428 425  407.89

52.2E-6 519 520 512 407 401 411 487 492 493  471.33
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Table 2
Measurements performed in the medium with 8-16 mm grain size
Refill 1 Refill 2 Refill 3

1% Ah AR Ah Ah Ah Ah Ah Ah Ah AR
m3/s mm mm mm mm mm mm mm mm mm mm
38.1E-6 11 12 12 10 11 10 12 11 11 11.11
40.3E-6 14 13 14 12 12 12 13 13 13 12.89
42 .8E-6 16 15 16 14 14 14 14 15 15 14.78
45.0E-6 17 17 18 16 16 16 16 17 17 16.67
47.8E-6 19 19 20 17 18 18 19 19 19 18.67
49.7E-6 21 22 21 19 20 20 21 21 22 20.78

52.2E-6 23 24 24 22 22 23 24 24 24 23.33

measurement results for fraction 2-8 mm

measurement results for fraction 8-16 mm
T
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o o O
o o o
T T
!

piezometric head [mm H20]
w
S
piezometric head [mm H20] S
>
T

200 - b 14l |
100 8 1k ]
0 ! ! : : ! 10 ' ! ' :
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flow rate [m3/s] flow rate [m3/s]
— filling 1 average —filling 2 average — filling 3 average ~— average

Fig. 2. The results of the measurements conducted in porous media with 2-8 mm grain size (a)
and 8-16 mm grain size (b)

Mathematical model based on Darcy’s law

In the first stage of the study, a mathematical model was developed based
on Darcy’s law (1856). Darcy’s law is an equation describing the flow of a fluid
through a porous medium. The law can be expressed by the following equation
(ANDERSON et al. 2004, HELLSTROM, LUNDSTROM 2006):

_dp _ _pghh _ k. 1)
dL. ~  dL k”
where:
dL — distance [m] over which the pressure drop dp [Pa] takes place,
p — fluid viscosity [kg/m?],
g — gravity component [m/s2],
Ah — average piezometric head [m],
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k — permeability coefficient [m?],
1 — dynamic viscosity coefficient [kg/(m-s)],
vp — filtration velocity [m/s].

Filtration velocity is calculated with the following continuity equation:

14
where:
V — volumetric flow rate of water through the medium [m?/s],
A — cross-sectional area of the medium [m?].
Darcy’s law can also be expressed by the following formula:
Ah
vy = K] = ~K—- 3)

where:
K — filtration coefficient [m/s],
J — decrease in hydraulic head [-],
calculated as the piezometric gradient between two points (in this case, the
average value from several measurements).

The filtration coefficient K and the permeability coefficient x [m?] are bound
by the following correlation:
Py
s
U

K= (4)

The results of the measurements in the model based on Darcy’s law are pre-
sented in Tables 3 and 4. The average values of the permeability coefficient for
porous media with 2-8 mm and 8-16 mm grain size were determined at 2.16E-09
and 3.9938E-08 [m?], respectively. The average values of the filtration coeffi-
cient for the above media were determined at 0.026892 m/s and 0.497196 m/s,
respectively. The pressure drop in the compared media is presented in Figure 3.

Table 3
The results of measurements in the model based on Darcy’s law
for the medium with 2-8 mm grain size
1% AR Ap J vy K K
m3/s m a [-] m/s m/s m?
1 2 3 4 5 6 7
01.9E-6 0.0081 79.20 0.0090 0.0004 0.043151 3.466E-09
06.1E-6 0.0331 323.31 0.0368 0.0012 0.033221 2.669E-09
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cont. Table 3
1 2 3 4 5 6 7
10.6E-6 0.0636 620.57 0.0706 0.0021 0.029895  2.401E-09
12.5E-6 0.0956 933.03 0.1062 0.0030 0.028256 2.27E-09
19.7E-6 0.1309 1278.04 0.1454 0.0039 0.027122  2.179E-09
24.4E-6 0.1688 1647.99 0.1875 0.0049 0.026070 2.094E-09
28.9E-6 0.2084 2035.31 0.2316 0.0058 0.024947 2.004E-09
33.3E-6 0.2494 2435.65 0.2772 0.0067 0.024053 1.932E-09
38.1E-6 0.2976 2905.42 0.3306 0.0076 0.023021 1.849E-09
42.8E-6 0.3510 3427.26 0.3900 0.0086 0.021937 1.762E-09
47.8E-6 0.4079 3982.74 0.4532 0.0096 0.021084  1.694E-09
52.2E-6 0.4713 4602.23 0.5237 0.0104 0.019943  1.602E-09
Table 4
The results of measurements in the model based on Darcy’s law
for the medium with 8-16 mm grain size
1% Ah Ap J vy K K
m3/s m Pa [-] m/s m/s m?2
38.1E-6 0.0111 108.49 0.0123 0.0076 0.616500 4.952E-08
40.3E-6 0.0129 125.85 0.0143 0.0081 0.562500 4.518E-08
42.8E-6 0.0148 144.29 0.0164 0.0086 0.5210563 4.185E-08
45.0E-6 0.0167 162.74 0.0185 0.0090 0.486000 3.904E-08
47.8E-6 0.0187 182.27 0.0207 0.0096 0.460714 3.701E-08
49.7E-6 0.0208 202.88 0.0231 0.0099 0.430749 3.460E-08
52.2E-6 0.0233 227.83 0.0259 0.0104 0.402857 3.236E-08
5,000 | pres'lsure drop ir|1 velocity flunction |
4,500 - e .
4,000 [ . -
3,500 B .
£ 90 | e gemenzem
= 2500 ] e experiment 8-16 mm
2,000 n Darcy model 8-16 mm
1,500 B
1,000 B
500 B
0
0 0.002  0.004 0.006  0.008 0.01 0.012
v [m/s]

Fig. 3. Pressure drop as a function of velocity in the compared media (linear model)
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Mathematical model based on Forchheimer’s law

Flow resistance in a porous medium is also described with Forchheimer’s
law (1901). The Forchheimer equation contains a non-linear term for adjusting
the result in high-flow rate environments. The applicability limits of both laws
are discussed in successive chapters of the study. The Forchheimer equation
has the following form:

d 1
— 2% = vy + Bpv? (5)
where:

S —Forchheimer coefficient (non-Darcy coefficient, 5 factor) [1/m)].

If f =0, the flow regime is described by Darcy’s law.

To determine parameters xk and f based on the experimental data, equation (5)
was transformed as follows (HUANG, AYOUB 2008):

dp 1 1
S L1 g(e) ©)
dL pve K u

The following expressions were introduced:

dp 1
(y=-2P ~
dL pvy
it (7)
X=—
u
to produce a linear equation:
1
Y =B8X+- (8)
K
relationships between X and Y
7108 T T T T T
6-10°F .
5-10°F .
— 8 .
E 4-10 —— fraction 2-8 mm
= 3.10° - | — fraction 8-16 mm
2:10°F 1
1-10% - -
0 I I | ! et
0 2,000 4,000 6,000 8,000 10,000 12,000 14,000

X[1/m]

Fig. 4. The correlation between coefficients X and Y in the compared media

Technical Sciences 24, 2021



92 Wojciech Sobieski, | Anna Trykozko

pressure drop in velocity function
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2,500 e experiment 8-16 mm
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1,000 - B
500 | B
0 | 1 | M
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v [m/s]

dp [Pa]

Fig. 5. Pressure drop as a function of velocity in the compared media (non-linear model)

Coefficients and were determined with the use of equation (7), and the
coefficients in equation (8) were determined by least squares approximation.
The results are shown in Figures 4 and 5. These coefficients are equivalent
to the corresponding terms in equation (5). In the media with 2-8 mm and
8-16 mm grain size, the value of coefficient 14 was determined at 0.33303E+09
and —0.758964E+07, respectively, and the value of coefficient f was determined
at 0.221048E+05 and 0.578304E+04, respectively.

Numerical model of fluid flow in a porous medium

Numerical calculations for replicating the experiment were performed
in a self-designed computer program based on the steady-state flow equation:

V-KV(Ah) =0 9

When the assumption of conservation of momentum modeled by Darcy’s

law is met: o
vy = —K - KV(Ah) (10)

In equation (10), the filtration coefficient K is a generalized tensor (BREUGEM
et al. 2004). Equation (10) is a generalization of formula (3) for multidimensional
flow.

The following boundary conditions were imposed: the Neumann condition
is zero along the cylinder, volumetric flow rate was imposed as the Neumann
condition at the cylinder inlet, and piezometric head was imposed as the boundary
condition at the cylinder outlet. It was assumed that the reference level z =0
corresponds to the cylinder inlet (bottom); therefore, piezometric head Ah at the
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outlet was equal to the anticipated pressure, increased by the cylinder’s total
length. If pressure equals zero at the outlet, piezometric head at the outlet will
be equal to the cylinder’s length.

The flow equation (9) was solved with the Finite Element Method (FEM)
with linear basis functions (LUCQUIN, PIRONNEAU 1998). A cross-section of the
computational domain and its elements is presented in Figure 6. The model was
build based on a discrete mesh that had been originally developed in GAMBIT
(2004) and converted to the format used in the designed computational program.

Fig. 6. Segment of the numerical mesh used in the designed computational program

A system of linear equations generated by the numerical mesh was solved
with the conjugate gradient method and incomplete Cholesky preconditioning
(KAASSCHIETER 1998).

The Forchheimer equation was modified for use in the designed program
based on the solution presented by FOURAR et al. (2005). An iterative algorithm is
based on the effective permeability coefficient. Successive approximations of the
effective permeability coefficient were determined with the use of equation (5):

dp ) 1
e

where the upper index i denotes velocity fields in successive iterations.
Experimentally measured pressure was imposed as the boundary condition,
and boundary conditions remained unchanged during iteration. The flow

K .
equation (11) was solved for Ke(]?} = — to approximate the velocity field vjfl).
U
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The iterative scheme was as follows: the following approximation of the perme-
ability coefficient Ke(})f was derived with equation (11), and the corresponding
velocity field was calculated. In each case, the calculated velocity field was
compared with the field approximated in the previous iteration. Iterations were
repeated until convergence was reached. This is not an optimal approach, but
it offers an easy solution, including in non-linear models.

Results of numerical simulations

The results of the simulations conducted in the compared media are presented
in Figure 7. The numbers in the diagram correspond to the measurements
presented in Tables 1 and 2. In both cases, the pressure drops estimated with
Darcy’s laws differ from the experimental data.

a comparison
5,000 \ T

4500 (12 1
4,000 ~11¢ B
3,500 10 T
3,000
2,500 -
2,000
1,500
1,000

500

of numerical and experimental results
T T

T T T T T

dp [Pa]

0 01 02 03 04 05 06 07 08 09 1

z[m] —— Forchheimer

Darcy
T e experiment

comparison of numerical and experimental results
T T T T T T T

250 T

200 - 6 h

150 |- 4 N -
2 e
1

100 _

dp [Pa]

50 F -

0 1 I I 1 1 1 | I
0 01 02 03 04 05 06 07 08 09 1

z[m]

Fig. 7. Measurements conducted in porous media with 8-16 mm (@) and 2-8 mm (b) grain size
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Percentage errors

5=

X; — X
|’—° +100% (12)
0

where x; is the numerically determined value and x is the exact (measured)
value, are presented in Tables 5 and 6 as well as in Figure 8.

Table 5
Percentage errors for the medium with 2-8 mm grain size
Ur APy, APpayey APForchheimer 6Darcy O Rorchheimer
m/s Pa Pa Pa % %
0.0004 79.09 128.18 93.66 62.07 18.42
0.0012 323.2 384.54 300.86 18.98 6.91
0.0021 621.01 672.94 565.64 8.36 8.92
0.0025 640.54 801.12 694.09 25.07 8.36
0.0039 1278.14 1249.75 1195.86 2.22 6.44
0.0049 1648.21 1570.2 1603.97 4.73 2.68
0.0058 1 956.76 1858.61 2 006.68 5.02 2.55
0.0067 2 435.21 2147.01 2442.9 11.83 0.32
0.0076 2 905.85 2 435.41 2912.714 16.19 0.24
0.0086 3427.26 2 755.84 3474.09 19.59 1.37
0.0096 3982.85 3076.29 4076.84 22.76 2.36
0.0104 4 601.91 3 332.65 4 589.00 27.58 0.28
Table 6
Percentage errors for the medium with 8-16 mm grain size
vy AP ey, APpyarey APRorchheimer SDarcy ORorchheimer
[m/s] [Pa] [Pa] [Pa] [%] [%]
0.0076 108.38 133.6 107.72 23.26 0.61
0.0081 124.98 142.39 125.32 13.92 0.27
0.0086 143.53 151.18 144.21 5.32 0.47
0.0090 156.81 158.21 160.27 0.89 2.20
0.0096 181.62 168.76 185.90 7.08 2.36
0.0099 202.12 174.03 199.42 13.9 1.34
0.0104 227.51 182.82 222.98 19.64 1.99

Technical Sciences 24, 2021
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values of percentage errors
T T T

70 T T
60 [ .,
50 n
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« ¥
10 F \\ / 4
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0 0.002 0.004 0.006 0.008 0.01 0.012
vy [m/s]

Fig. 8. Percentage errors for both numerical models

Determination of the porosity coefficient

The porosity coefficient was determined with the use of two graduated
cylinders with 1 ml grading divisions. The first cylinder was filled with porous
material with a known volume V, and the second cylinder was filled with water.
Total skeletal volume V, can be determined when the volume of porous material
and the volume of water required to completely fill the porous part Vp of the
medium are known: V, =V — Vp.

Table 7
Porosity measurements in the medium with 8-16 mm grain size
v Vo Vs Vo Vs s-16
m?3 m3 m3 % % [-]

2E-03 816E-06 1.184E-03 40.8 59.2 0.408
2E-03 770E-06 1.230E-03 38.5 61.5 0.385
2E-03 854E-06 1.146E-03 42.7 57.3 0.427
2E-03 812E-06 1.188E-03 40.6 59.4 0.406
2E-03 820E-06 1.180E-03 41.0 59.0 0.410
2E-03 824E-06 1.176E-03 41.2 58.8 0.412
2E-03 838E-06 1.162E-03 41.9 58.1 0.419
2E-03 836E-06 1.164E-03 41.8 58.2 0.418
2E-03 820E-06 1.180E-03 41.0 59.0 0.410
2E-03 816E-06 1.184E-03 40.8 59.2 0.408
2E-03 814E-06 1.186E-03 40.7 59.3 0.407
2E-03 834E-06 1.166E-03 41.7 58.3 0.417
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In the porous medium with 2-8 mm grain size, the material “settled” under
the influence of water, which decreased its total volume. The medium’s volume
decreased as flowing water transported the smallest grains which filled empty
spaces between large grains. To account for the above observation, the porosity
coefficient was measured twice. In the first measurement, 0.0015 m? of gravel
was loosely poured into the cylinder and covered with water, and pore volume
was measured. In the second measurement, 0.002 m? of gravel was lightly
compacted in the cylinder, covered with water, and pore volume was measured.
The “settling” of gravel particles was not observed in the medium with 8-16 mm
grain size. Average porosity was determined at eg ;= 0.411, 2% = 0.358and
el = 0.294. Results of measurements are available in Tables 7, 8 and 9.

Table 8
Porosity measurements in loosely arranged medium with 2-8 mm grain size

\% Vp V, Vp V, ey

m3 m3 m3 % % [-]
1.5E-03 545E-06 955E-06 36.3 63.7 0.363
1.5E-03 538E-06 962E-06 35.9 64.1 0.359
1.5E-03 557E-06 943E-06 37.1 62.9 0.371
1.5E-03 530E-06 970E-06 35.3 64.7 0.353
1.5E-03 524E-06 976E-06 34.9 65.1 0.349
1.5E-03 548E-06 952E-06 36.5 63.5 0.365
1.5E-03 522E-06 978E-06 34.8 65.2 0.348
1.5E-03 532E-06 968E-06 35.5 64.5 0.355
1.5E-03 547E-06 953E-06 36.5 63.5 0.365
1.5E-03 532E-06 968E-06 35.5 64.5 0.355

Table 9
Porosity measurements in compacted medium with 2-8 mm grain size
\% Vs V, V, V, ety

m3 m3 m3 % % [-]
2E-03 602E-06 1.398E-03 30.1 69.9 0.301
2E-03 596E-06 1.404E-03 29.8 70.2 0.298
2E-03 580E-06 1.420E-03 29.0 71.0 0.290
2E-03 600E-06 1.400E-03 30.0 70.0 0.300
2E-03 556E-06 1.444E-03 27.8 72.2 0.278
2E-03 598E-06 1.402E-03 29.9 70.1 0.299
2E-03 578E-06 1.422E-03 28.9 71.1 0.289
2E-03 574E-06 1.426E-03 28.7 71.3 0.287
2E-03 595E-06 1.405E-03 29.8 70.2 0.298
2E-03 596E-06 1.404E-03 29.8 70.2 0.298
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Determination of the equivalent diameter
of gravel grains

The average diameter was determined by counting the number of grains
ng and measuring their total volume V, in a control volume V. The average
volume of one grain V; was calculated by dividing total grain volume by the
number of grains. The formula for calculating the volume of a sphere was used
to determine the average grain diameter & [m]. The control volume was 6E-04 [m?]
for the medium with 8-16 mm grain size and 15E-06 [m?] for the medium with
2-8 mm grain size.

The measured values of average grain diameter seem to be correct. This
parameter was determined at 14.7 mm in the medium with 8-16 mm grain size,
and 3.3 mm in the medium with 2-8 mm grain size. The obtained values were
used in alternative calculations of the porosity coefficient. The results were highly
similar to the previously obtained values. The results of the measurements and
calculations performed for both media are presented in Tables 10 and 11. Grain
“settlement” was negligible in the medium with 2-8 mm grain size due to small
control volume, and this observation was not taken into consideration.

Measurements of equivalent grain diameter in the medium with 8-16 mm grain sizzble v
v Vo Vs g Va 8516 €'s-16
m3 m3 m3 [-] m3 m [-]
6E-04 255E-06 345E-06 194 1.78E-06 0.0150 0.425
6E-04 243E-06 357E-06 231 1.55E-06 0.0143 0.405
6E-04 240E-06 360E-06 227 1.59E-06 0.0145 0.400
6E-04 238E-06 362E-06 221 1.64E-06 0.0146 0.397
6E-04 235E-06 365E-06 219 1.67E-06 0.0147 0.392
- - - - 1.66E-06 0.0147 0.406
Table 11
Measurements of equivalent grain diameter in the medium with 2-8 mm grain size
v Vo Vs g Va X €58
m3 m3 m3 [-] m3 m [-]
15E-06 4.5E-06 10.5E-06 550 19.1E-09 0.00332 0.300
15E-06 5.0E-06 10.0E-06 490 20.4E-09 0.00339 0.333
15E-06 4.5E-06 10.5E-06 580 18.1E-09 0.00326 0.300
15E-06 4.0E-06 11.0E-06 600 18.3E-09 0.00327 0.267
15E-06 5.0E-06 10.0E-06 510 19.6E-09 0.00335 0.333
- - - - 19.1E-09 0.00332 0.307

Technical Sciences 24, 2021



The Use of the Inverse Problem Methodology... 99

Reynolds number

According to the literature, Darcy’s law and Forchheimer’s law have certain
limits of applicability, as illustrated in Figure 9. The Reynolds number is the
main criterion for determining the validity of both laws. The Reynolds number
1s defined as (NALECZ 1991, SAWICKI et al. 2004):

_ pvFd
u

Re

(13)

where 0 is the grain diameter [m] in an ideally homogeneous medium composed
of spherical particles that offer similar resistance as the real material.

In the literature, considerable variations are noted in the upper limit of ap-
plicability of Darcy’s law and Forchheimer’s law, for example: Re = 3—10 (BEAR
1972), Re = 1-15 (HASSANIZADEH, GRAY (1987); the suggested value is Re = 10),
Re = 1+5 (SAWICKI et al. 2004), Re = 10°—2.3 (HANSEN 2007).

A

Pre-Darcy Zone Darcy Zone

VD VF velocity

pressure gradient

Post-Darcy Zone

L

Fig. 9. Types of flow in porous media
Source: based on BLOSHANSKAYA et al. (2017) and HASSANIZADEH and GRAY (1987).

The Reynolds numbers calculated for equivalent diameters 6, g and 65 ;4
are presented in Tables 12 and 13 and in Figure 10. Reynolds numbers were
also calculated for extreme grain diameters in the compared media to present
the full range of changes in the evaluated parameter. In the medium with
8-16 mm grain size, flow always occurred in a region that was separated by
a considerable distance from the upper limit of applicability of Darcy’s law
and Forchheimer’s law (regardless of the fact which limit value was adopted).
In this medium, fluid flow should not be modeled with Darcy’s law. This conclusion
had been initially formulated in the error analysis, and it was further confirmed

Technical Sciences 24, 2021



100 Wojciech Sobieski, | Anna Trykozko

by the above observations. In fine-grained gravel, measurements began at much
lower filtration velocity, and based on literature data, the first two or three
measurements could be classified as Darcy flow. However, high percentage error
does not confirm the above observation. These findings suggest that in forced-
flow systems, such as the presented test stand, flow should be generally modeled
with the Forchheimer equation or similar non-linear equations.

Table 12
Values of the Reynolds number for the medium with 2-8 mm grain size
and different values of the equivalent diameter
v Regs=0.002 Res—-0.008 Reg—-0.00332
m/s [-] [] []
0.0004 0.99 3.95 1.64
0.0012 3.10 12.41 5.15
0.0021 5.36 21.43 8.89
0.0025 6.35 25.38 10.53
0.0039 10.01 40.05 16.62
0.0049 12.41 49.63 20.60
0.0058 14.66 58.66 24.34
0.0067 16.92 67.68 28.09
0.0076 19.32 77.27 32.07
0.0086 21.71 86.86 36.05
0.0096 24.25 97.01 40.26
0.0104 26.51 106.03 44.00
Table 13

Values of the Reynolds number for the medium with 8-16 mm grain size
and different values of the equivalent diameter

v Reg=0.008 Reg=0.0016 Reg=0.0147
m/s [] [] []
0.0076 77.27 154.54 141.98
0.0081 81.78 163.56 150.27
0.0086 86.86 173.72 159.60
0.0090 91.37 182.74 167.89
0.0096 97.01 194.02 178.26
0.0099 100.96 201.92 185.51
0.0104 106.03 212.07 194.84
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The above conclusion confirms that the presented Reynolds numbers were
calculated based on equivalent diameters, which does not guarantee that a given
Reynolds number will describe all regions of a porous medium. Due to possible
deviations, Forchheimer’s law should be applied in this case because it applies
to a wider range of velocities.

a Reynolds Number for fraction 2-8 mm
T T T T T T T T

120 T T

100 |-

80 -

60

Re [-]

40

20

0 | I ! I I ! ! I
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 0.011
v[m/s]

5min
— Omax
l — Jg16

b 220 Reynolds Number for fraction 2-8 mm
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180 T
160 T
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0.0075 0.008 0.0085 0.009 0.0095 0.01 0.0105

v [m/s]

Fig. 10. Values of the Reynolds number for media with 2-8 mm (a) and 8-16 mm grain size (b)
and different values of the equivalent diameter

Conclusions

The results of the study supported the formulation of the following conclusions:
Due to the absence of strict criteria for determining the validity of the
basic laws for modeling flow in porous media, fluid flow in a gravel medium
with 2-16 mm grain size should be generally described with the more universal
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Forchheimer’s law which applies to a wider range of velocities. Forchheimer’s law
can probably be also used to model flow in gravel and sand with different particle
size fractions. The above is confirmed by Figure 7 which clearly indicate that
unlike Darcy’s law, Forchheimer’s law guarantees high consistency of modeled
data with experimental data across the entire range of filtration velocity values.

The results of this study confirm that the upper limit of applicability
of Darcy’s law is Re = 8 + 10.

Forchheimer’s law should be regarded as a broader version of Darcy’s law,
rather than its extension for flows with higher Reynolds numbers. Published
sources (for example in Fig. 9) can be somewhat misleading by suggesting that
Darcy’s law should be applied to lower values of the Reynolds number, whereas
Forchheimer’s law should be applied to higher values of the Reynolds number.
The results presented in Tables 5 and 6 and in Figure 8 indicate that Forch-
heimer’s law can be used in all cases where Darcy’s law could be applied.
In these cases, the non-linear term of the Forchheimer equation will simply
lose its significance.

Flow resistance in porous media can be reliably modeled based on the
results of a simple “training” experiment which produces accurate values
of the coefficients for Forchheimer’s law. These coefficients should be calculated
by measuring pressure drops across the widest possible range of filtration ve-
locities. The wider the velocity range and the more accurate the measurements,
the smaller the discrepancy between simulation results and experimental data.

The presented findings indicate that flow resistance in sand and gravel (and
probably many other porous media) should be modeled based on Forchheimer’s
law and the results of a preliminary “training” experiment. The application
of the inverse problem methodology significantly increases the reliability of the
modeled data.
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