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A b s t r a c t

This paper concerns the modeling and analysis of machine elements using the adaptive finite 
element method. The adaptation used is of hpq type, which means that the finite element dimension 
h and element transverse q and longitudinal p approximation order may be different in each 
element. These parameters are determined automatically by the program to obtain modeling and 
approximation error levels not higher than the assumed admissible level of the errors. The presented 
paper focuses on the use of transition elements between basic elements corresponding to the three- 
-dimensional theory of elasticity and the first-order shell model. Three applied transition elements 
differ in their assumptions regarding the continuity of the displacement, strain, and stress fields 
between the basic models. The effectiveness of the application of transition elements was assessed 
in terms of the removal of the internal boundary layer at the boundary between the models and 
the convergence of adaptive solutions taking into account these models.
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Introduction

Three aspects will be presented in this introduction briefly. We will start with 
the research motivation, then the available literature will be mentioned and finally 
novelty of the paper will be determined.

The motivation for the research

Strength calculations within CAD (computer-aided design) are most often 
performed using commercial FEM (finite element method) codes. Such codes are 
assigned primarily to the analysis of structures and machine elements (parts) described 
by one mechanical model. These codes generally have a developed library of finite 
elements corresponding to such models. These programs cope very well with the 
analysis of individual structural elements and individual machine parts. However, 
these programs fail when different functional parts are joined together, e.g. plates 
and shells with solids. The second weakness of modern CAD systems used for the 
numerical analysis of machine parts is the classical nature of the finite element 
methods used. The solution is performed once, on a pre-defined mesh of finite elements. 
This classical approach does not allow for determining the error level of the solution 
or for reducing it automatically in areas where the error is too large. Removing both 
of the above-mentioned disadvantages of the classical approach requires the use 
of an adaptive finite element method, in which the solution is performed many times 
and the mesh is rebuilt based on the error level. 

In modern elastic analysis of complex structures, including thin-walled, thick-
walled, and bulky (three-dimensional) parts, there is a tendency to use different 
mechanical models in these different parts. These are generally basic models 
described by known mechanical theories. The common application of such models 
can be implemented in three ways. The first way is to introduce constraints at the 
boundaries of these models. This involves leaving the degrees of freedom available 
in both models as active and blocking those that are specific to one of the models. 
The second way is to introduce transition models, which means that the unknown field 
in one part of the element corresponds to the first basic model and in the remaining 
part to the second basic model. The third way is to use the same basic model in all 
parts of the complex structure. 

The disadvantage of the first method is that the constraints at the model 
boundaries result in the appearance of an internal boundary layer or singularities 
at this boundary. The second approach requires the similarity of the basic models 
used for the creation of a transition model. Such similarity is not always the case. 
In turn, the third approach does not solve the problem of combining basic models 
but rather circumvents it.
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State-of-the-art issues 

Analyzing the related literature in terms of the availability of CAD systems 
for adaptive analysis of complex elastic structures, it can be noted that existing 
programs for numerical calculations based on FEM should be supplemented with 
hp-type adaptation options, where h and p represent element dimension and 
approximation order, respectively. This would guarantee a higher (exponential) 
order of convergence than is present in some FEM codes using h-type adaptation 
(with an algebraic order of convergence). In turn, model adaptation, which is not 
available in CAD programs at all, requires, in the field of solid mechanics, the 
introduction of adaptive transition elements, including those used to connect 
three-dimensional and shell models. Due to the vast amount of available literature 
on all the above-mentioned issues, we will limit our survey to examples that 
correspond to the adaptive analysis of complex elastic structures. These are 
structures composed of solid, thick- and thin-walled and transition parts. We will 
be mainly interested in the three-dimensional formulation, which uses only 
three-dimensional degrees of freedom in all parts of the complex structures. 
The transition elements available in the literature are largely classical, which 
does not enable their use for adaptive analysis of complex structures (Cofer, 
Will 1991, Dávila 1994, Gmür, Schorderet 1993, Rank, Buška 1987, Surana 
1980, 1982, 1983, 1987). On the other hand, adaptive transition elements are 
available (Gupta 1978, Huang, Xie 2011, Jeyachandrabose, Kirkhope 1984, 
Wan 2004). All of them are characterized by a fixed three-dimensional state 
of strains and stresses in transition zones. This results in high stress and strain 
gradients between the basic models at the interface. These gradients, in turn, 
result in the deterioration of solution convergence when transition models and 
elements are used for complex structure modeling and analysis.

Novelty and scope of the paper

Our previous works on the use of transition models concerned simple model 
structures (plates and shells). In this work, we will demonstrate that these models 
can also be used for modeling and analysis of real objects found in technology. 
We will do this using adaptive modeling and hpq-adaptive finite element analysis. 
In this method, h is the dimension of a finite element, while p and q are the 
longitudinal and transverse orders of approximation in the element. Let us 
note that the order q is the order of the hierarchical model used to describe the 
shell and transition parts of complex structures. Our hierarchical models and  
hpq-adaptive hierarchical approximations have been described in Zboiński (2001, 
2010) and are motivated by works of Oden and Cho (1996), Szabó and Sahrmann 
(1988), Schwab (1998), Demkowicz (2006). Shape functions applied in these 
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approximations are presented in Zboiński and Jasiński (2007), Zboiński and 
Ostachowicz (2001), Zboiński (2001) for shell, solid-to-shell transition, and 
three-dimensional models, respectively. 

The basic models of the three-dimensional theory of elasticity (and higher- 
-order shell theories as well) are characterized by a three-dimensional state 
of stress and strain. On the contrary, in the first-order shell theory – plane stress 
state and kinematic assumptions (deformation of straight lines normal to the  
mid-surface into straight lines and no extension of these lines) hold. The difference 
in the stress and strain states in the basic models makes it necessary to introduce 
a transition model. The classical model guarantees continuity of displacements 
at the common boundary of the three-dimensional model and the first-order 
shell model. The modified transition model additionally delivers a transition 
stress state from three-dimensional to plain in the transition region. Finally, 
the enhanced model additionally ensures a continuous change in the kinematic 
assumptions of the first-order theory from the absence to the validity of these 
assumptions between the three-dimensional model and the first-order model. 
In this paper, we will compare three transition models in the context of their 
application to technical complex objects.

The applied transition models and elements

The transition elements considered in this paper are of a solid-shell 
or hierarchical-shell nature. The first type of element is used to combine elements 
of the three-dimensional theory of elasticity with first-order shell elements. 
The second type is used to connect hierarchical shell elements with first-order 
shell elements. In both cases, the structure and algorithm of the transition 
element are the same.

The classical transition model used in numerical calculations makes it possible 
to combine elements described by the three-dimensional theory of elasticity and 
elements corresponding to the Reissner-Mindlin plate or Reissner shell theories. 
When using this type of transition model, continuity of deformation between 
the basic models is achieved, but with high gradients at the boundary between 
the transition and shell models. The classical transition model does not allow 
for stress continuity at this boundary. Details of the algorithm and numerical 
studies of this transition model are presented in the works (Nosarzewska 
2007, Zboiński 2001). 

Next, a modification of the transition model was proposed (Zielińska, 
Zboiński 2013). The modified model still guarantees the continuity of transverse 
deformations at the boundaries of the transition model, still with high gradients 
at the interface of the shell and transition models. The introduced changes 
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allowed for continuity in the stress field thanks to the introduction of a correcting 
transition function into the computational algorithm (Nosarzewska, Zboiński 
2009).

The last, most advanced transition model, introduced in Zielińska and 
Zboiński (2014a), still guarantees the continuity of the stress field at the interface 
of the combined models. Additionally, this model achieved a continuous change 
in the kinematic assumptions of the Reissner-Mindlin theory in the transition 
zone (Zielińska, Zboiński 2014b, p. 63-72).

Numerical analysis 

The numerical analysis concerned the assessment of the ability of the 
transition elements to remove the internal boundary layer, as well as the 
assessment of the convergence of the adaptation process within the complex 
structure. The analyzed complex structure corresponded to the symmetrical 
half of the simplified model of a rotating machine blade (Fig. 1). We used the 
simplified geometrical representation of the blade, however, also the curved 
geometry of the blade could have been used. The structure was modeled using 
three types of finite elements: three-dimensional (blade base), shell (blade airfoil), 
and transition (airfoil-base connection). However, due to the qualitative and 
quantitative similarity of the results obtained for the models with the enhanced 
and modified transition elements, the results with the modified element were 
skipped. Thus, only the results obtained for the classical and enhanced transition 
element cases are presented.

Fig. 1. Load and boundary conditions of the blade; description in the text



Technical Sciences	 27, 2024

38	 Magdalena Zielińska, Grzegorz Zboiński

The length of the structure will be l = 0.84 m, while the width a = 0.24 m. 
The dimensions of the cuboid base will be a × b × c – 0.24 × 0.05 × 0.06 [m]. 
We will assume the thickness of the blade airfoil to be t – 0.01 m. The transition 
geometrical part connecting the airfoil with the base will be limited by a quarter 
of a circle with a radius of R = 0.02 m. The top and bottom surfaces of the base 
will be fixed. The load will be normal pressure applied to the upper surface 
of the blade. Its value will be p = 1 · 105 N/m2. We assume that the structure 
is made of an elastic material with Young’s modulus E = 2.1 · 1011 N/m2 and 
Poisson’s ratio v = 0.3.
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Fig. 2. Initial mesh with either classical or enhanced transition elements:  
a – applied models, b – approximation orders
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Fig. 3. Final mesh with classical transition elements: a – models after adaptation,  
b – orders of approximation after hp-adaptation, c – orders of approximation (enlargement)
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Fig. 4. Final mesh with enhanced transition elements: a – models after adaptation,  
b – orders of approximation after hp-adaptation, c – orders of approximation (enlargement)
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In the numerical experiments, the initial mesh common for both transition 
models (Fig. 2) was used for the symmetric half of the blade. The first-order shell 
(RM), solid-to-shell transition (RM/3D), and three-dimensional (3D) models are 
employed in the complex blade models. The directional division numbers m are 
3 × 4 × 2 with p = 2 for the top and bottom solid blocks of the base. For the solid 
left and right middle blocks of the base, the division numbers are 3 × 4 × 1 with 
p = 2 and 3 × 2 × 1 with p = 4, respectively. Finally, in the right (solid-to-shell) 
and left (shell) blocks of the airfoil, we have 3 × 1 × 1 with p = 4, q = 2 (solid 
part) or q = 1 (shell part), and 3 × 7 × 1 with p = 4, q = 1, respectively. In the 
adaptation, the possible three-dimensional or longitudinal orders of approximation 
are p = 1, 2, …, 8 in all geometrical blocks of the mesh. The possible transverse 
orders of approximation within shell blocks and shell parts of the solid-to-shell 
blocks are q = 1, 2, …, 8 in each such block. The possible directional division 
numbers within geometrical blocks are m = 1, 2, …, 8.

The corresponding final meshes are presented in Figures 3 and 4 for the 
models employing classical and enhanced transition models, respectively. Both 
were obtained as a result of the model and hp-adaptation process described in the 
next sections. The intermediate meshes can be deduced from the final meshes and 
the initial mesh (Fig. 2), i.e. the intermediate meshes possess division patterns 
of the final meshes and approximation orders of the initial mesh. 

Removing the internal boundary layer 

The results obtained when using two variants of transition elements are 
compared below. The images of effective stresses obtained using the classical 
(Fig. 5) and enhanced (Fig. 6) transition elements are displayed. 

Both, in the case of the initial meshes (Figs. 5, 6) and the final hp-adapted 
meshes (Figs. 7, 8), the ability of the enhanced transition element to remove the 
internal boundary layer (between transition and first-order models) is greater 
than that of the classical transition element. Comparing the corresponding 
results from the initial and final meshes, it can be seen that in the case of richer 
discretization, the ability of the element to remove the internal boundary 
layer increases both in the case of the classical and the enhanced element. 
The above characteristics apply not only to the initial and final meshes but also to 
intermediate meshes (after step h of adaptation), not included in the illustrations. 
It is also worth noting that results for the modified element employed, not shown 
in the illustrations, look practically identical to the results obtained with the 
enhanced element. 
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Fig. 5. Effective stresses in the initial mesh – classical transition model employed:  
a – the whole blade, b – enlargement of the transition zone
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Fig. 6. Effective stresses in the initial mesh – enhanced transition model employed:  
a – the whole blade, b – enlargement of the transition zone
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Fig. 7. Effective stresses in the final mesh – classical transition model employed:  
a – the whole blade, b – enlargement of the transition zone

The effectiveness of the adaptation process

The effectiveness of the adaptation process was assessed based on the results 
obtained in the three-step hp-adaptation process proposed by Oden (1993). 
The method consists of solutions to the problem on the initial, intermediate, and 
final meshes. This approach was extended by us in Zboiński (2013) for complex 
structures where shell, solid-to-shell transition, and solid parts are present. 
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Fig. 8. Effective stresses in the final mesh – enhanced transition model employed:  
a – the whole blade, b – enlargement of the transition zone

The three-step strategy is presented in Figure 9. The estimated error values 
controlling the adaptation are obtained from the equilibrated residual method 
(ERM) originally proposed by Ainsworth and Oden (1992) and adopted for the 
hierarchical models by Oden and Cho (1996) and Zboiński (2013). Our extended 
approach allows for different size h, and longitudinal q and transverse p orders 
of approximation in each finite element. This needs to relate ERM estimated error 
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values with the discretization parameters h, p and q via convergence theories. 
The details of the algorithm can be found in Zboiński (2013).

The assumed value of global approximation error in the final mesh was 
γT = 0.03, while the ratio of the estimated error values in the intermediate mesh 
(after step h) and the final mesh (after step p) was equal to γI/γT = 2.0. 

Figure 10 compares the estimated values of approximation errors that control 
the adaptation processes starting with the identical initial meshes from Figure 2 
and corresponding to the introduction of either classical or enhanced transition 
elements to the model. It can be seen that the highest relative error values 
obtained from ERM are located at the airfoil-base joint where the highest strain 
and stress gradients appear due to the highest bending moments. This results 
in the densest mesh and the highest p-orders in this zone. The adaptation process 
and error estimation were carried out following the work already mentioned 

Fig. 9. The block diagram of the algorithm
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(Zboiński 2013) which includes classical transition elements only. In the present 
work, we used the same approach for the modified and enhanced transition 
elements. 

An almost identical level of element and global approximation error estimates 
is visible. The relative estimated global error (average) when taking into account 
the classical element is equal to avr = 0.123. In the case of the enhanced transition 
element, this error is equal to avr = 0.124. The similarity of error distributions 
results in almost identical intermediate meshes (not shown in the figures) and 
similar final meshes (Figs. 3, 4). 
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a – classical transition model, b – enhanced transition model
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The estimated values of the same error in the case of different final meshes 
shown in Figures 3 and 4, using the classical and enhanced transition elements, 
respectively, are illustrated in Figure 11. The estimated values of the local and 
global approximation error are similar in both cases. The global (average) values 
are equal respectively to avr = 0.106 and avr = 0.107.

The automatic adaptation process discussed above can be also characterized 
by the adaptation convergence curves (Fig. 12) which relate the true relative 
strain energy error (UR – U)/ UR with the global number N of degrees of freedom 
in the mesh, with UR and U representing strain energies of the numerical solution 
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and the exact or reference solution (here approximated by the results from the 
richest mesh possible). For the reference solution, the directional division numbers 
m were 3 × 4 × 2 with p = 8 for the top and bottom solid blocks of the base.  
For the solid left and right middle blocks of the base, the division numbers were 
3 × 4 × 1 with p = 8 and 3 × 2 × 1 with p = 9, respectively. Finally, in the right 
(solid-to-shell) and left (shell) blocks of the airfoil, we used 3 × 1 × 1 with p = 9, 
q = 2 (solid part) or q = 1 (shell part) and 3 × 7 × 1 with p = 9, q = 1, respectively. 
The first point of the presented curves corresponds to the initial meshes, while 
the second and third points refer to the intermediate and final meshes. Thus, 
one obtains a typical picture of the error-controlled hp-adaptation curves where 
three meshes and their errors and two adaptation steps, i.e. h (from the initial 
to intermediate mesh) and p (from the intermediate to final mesh) are present. 
This reflects the main advantage of the applied adaptation strategy, i.e. its ability 
to obtain numerical solutions of assumed accuracy in two adaptation steps only. 
The assumed admissible error line corresponds to (UR – U)/ UR = (γT)2. 

It can be seen that the h-adaptation delivers a similar order of convergence 
for models with the classical and enhanced transition models. However, in the 
case of step p, the enhanced model is more effective in diminishing the error than 
the classical model. Due to the almost identical discretization patterns (similar 
division into elements and similar orders of approximation), the effect of a greater 
reduction in the true approximation error in the case of the enhanced model can 
be attributed to the greater efficiency of this model than of the classical model.
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Referring to the effectiveness of the adaptation process, it should be noted 
that Figure 12 also contains a third curve (blue) corresponding to the solution 
of a fully three-dimensional problem. This curve shows a convergence similar 
to that of complex models including transition elements at step h. However, 
at step p the convergence is lower than that of complex models. This is because the 
fully three-dimensional (3D) structure has, in the thin-walled part (blade airfoil), 
hierarchical-shell elements that tend to generate an external boundary layer. 
Achieving higher convergence for this model would therefore require removing 
the consequences of this phenomenon by introducing an exponentially denser 
mesh at the edges of the blade. On the contrary, in the case of the complex blade 
models, the blade airfoil is modeled using the first-order shell model, which is 
characterized by no tendency to generate an external boundary layer. Hence the 
higher convergence of the adaptation process in the case of complex blade models. 

In order to further demonstrate the effectiveness of the applied adaptation 
method, the h- and p-convergence curves for enforced block-wise uniform 
longitudinal h-refinement of the initial mesh and block-wise three-dimensional or 
longitudinal p-enrichment within this mesh, are presented in Figure 13 with the 
use of the classical and enhanced transition elements. The points of h-convergence 
curves corresponded to m equal to 1 × 2 × 1, 2 × 3 × 1, 3 × 4 × 2, 4 × 5 × 3, 
5 × 6 × 4, 6 × 7 × 5, 7 × 8 × 6, 8 × 8 × 7 for the top and bottom solid blocks of the 
base. For the left and right middle blocks of the base, the division numbers 
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were 1 × 2 × 1, 2 × 3 × 1, 3 × 4 × 1, 4 × 5 × 1, 5 × 6 × 1, 6 × 7 × 1, 7 × 8 × 1,  
8 × 8 × 1 and 1 × 1 × 1, 2 × 1 × 1, 3 × 2 × 1, 4 × 3 × 1, 5 × 4 × 1, 6 × 5 × 1,  
7 × 6 × 1, 8 × 7 × 1, respectively. Finally, in the right (solid-to-shell) and left (shell) 
blocks of the airfoil, we had 1 × 1 × 1, 2 × 1 × 1, 3 × 1 × 1, 4 × 1 × 1, 5 × 1 × 1,  
6 × 1 × 1, 7 × 1 × 1, 8 × 1 × 1 or 1 × 5 × 1, 2 × 6 × 1, 3 × 7 × 1, 4 × 8 × 1, 5 × 8 × 1, 
6 × 8 × 1, 7 × 8 × 1, 8 × 8 × 1, respectively. These curves were obtained with the 
approximation orders p and q taken from the initial mesh in each block. The points 
of the p-convergence curves were obtained for the changing three-dimensional 
or longitudinal values of p with the transverse order q and division numbers m as 
for the initial mesh in each block. The values of p were: 1, 2, 3, 4, 5, 6 for the top, 
bottom and middle left solid blocks of the base, 3, 4, 5, 6, 7, 8 for the right middle 
(solid) block of the base, and the right (solid-to-shell) and left (shell) blocks of the 
airfoil. The h- and p-convergence curves corresponding to classical and enhanced 
elements cross at the first (initial) points of the adaptive convergence curves 
from Figure 12. Exponential convergence of the p-curves, typical for some model 
problems, is not observed due to combined convergence presented in the figure, 
corresponding to different convergence rates in solid, solid-to-shell and shell 
parts of the blade. Hence, also combined hp-convergence (not presented), obtained 
from enforced block-wise uniform meshes, is not expected to be exponential. 
Comparing the h- and p-curves with the hp-adaptation convergence curves one can 
conclude that the admissible error value was reached only in the case of automatic  
hp-adaptation with the use of the complex blade models only. Additionally, the 
adapted meshes need much fewer degrees of freedom than the uniform meshes 
to obtain the same error level. 

Conclusions

It was demonstrated that the modified and enhanced transition elements 
employed for modeling complex models of real technical objects, e.g. turbine 
blades, possess a greater ability to remove the internal boundary layer between 
the transition and first-order shell model than the classical transition model. 

It was also shown that the enhanced transition elements employed in complex 
structures deliver the highest adaptive convergence of the solutions to complex 
models of the blade or other technical objects. 

Considering the effectiveness of the adaptation process of the complex model 
of the rotor turbine blade (or other structures), it should be noted that obtaining 
the same level of errors from the basic model of three-dimensional elasticity and 
the complex models employing transition elements requires a smaller number 
of degrees of freedom in the latter case. This perfectly justifies the use of complex 
models instead of the basic model of three-dimensional elasticity, if only the 
approximation error is taken into consideration. 
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